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Abstract

We develop a theoretical model to study strategic interactions between adaptive learn-

ing algorithms. Applying continuous-time techniques, we uncover the mechanism

responsible for collusion between Artificial Intelligence algorithms documented by

recent experimental evidence. We show that spontaneous coupling between the algo-

rithms’ estimates leads to periodic coordination on actions that are more profitable

than static Nash equilibria. We provide a sufficient condition under which this cou-

pling is guaranteed to disappear, and algorithms learn to play undominated strate-

gies. We apply our results to interpret and complement experimental findings in the

literature, and to the design of learning-robust strategy-proof mechanisms. We show that

ex-post feedback provision guarantees robustness to the presence of learning agents.

We fully characterize the optimal learning-robust mechanisms: they are menu mech-

anisms.
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1 Introduction

In this paper, we develop analytical tools to study the outcomes of games played by learn-

ing algorithms. Because the evolution of play is discrete and possibly stochastic, we first

show how to compute fluid approximations of the learning paths by such algorithms.

Then, we use these approximations to explain why such algorithms may not converge to

playing Nash equilibrium and even fail to learn to play dominant strategies. In a Pris-

oner’s Dilemma, algorithms such as ε-greedy Q-learning (not designed to learn dynamic

reward strategies such as tit-for-tat) can get to stochastic cycles exhibiting high coopera-

tion rates. We isolate the mechanism responsible for such cooperation (unequal learning

rates) and characterize a class of learning algorithms that are guaranteed to learn to play

only undominated strategies.

We then apply our findings. First, we show how a market designer can ensure that

even simple algorithms learn to play the equilibrium strategy over time. The designer

can create feedback policies that help algorithms learn. In other words, we show how to

extend the design of strategy-proof mechanisms to be robust to players using learning

algorithms to determine their optimal strategy. We do so by characterizing the policies

which communicate minimal feedback. Second, we use our theoretical results to provide

new insights about the findings of two recent papers that show via discrete-time simu-

lations that Q-learning algorithms sometimes learn to play equilibrium and sometimes

learn to collude.

Our study of strategic interactions of learning algorithms is motivated by the increas-

ing adoption of algorithms in business contexts, including automated bidding in online

ad auctions, pricing in online shopping platforms, and setting rents for short-term and

long-term rentals, among others. However, this increase has been accompanied by con-

cerns voiced by scholars and practitioners alike that automated pricing and bidding soft-

ware could facilitate collusion. Motivated by these concerns, various national agencies

have begun studying these phenomena to regulate and tune online and offline markets

(OECD (2017), Competition Bureau (2018)).

We contribute to the analysis of algorithmic collusion by developing a theoretical

framework for analyzing strategic interactions between algorithms. Using fluid limit

techniques, we approximate the evolution of algorithms driven by discontinuous laws

of motion. We focus on a class of algorithms that we call separable reinforcers. That class

includes Q-learning (the building block of many AI algorithms) and tracks a vector of val-

ues representing each action’s payoff consequences. All algorithms in this class estimate

such vectors by repeatedly interacting with the environment and updating the vector’s
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entries based on the observed payoff flows. A policy function determines what action the

agent takes, given the estimates of the algorithm. For example, an ε-greedy policy selects

the action that currently maximizes the expected payoff of the agent with probability 1-ε,

and with probability ε explores the action space uniformly at random.

We start by analyzing the play of ε-greedy Q-learning algorithms in Prisoner’s Dilemma.

The fluid limit defines a four-dimensional system of differential equations that character-

izes the evolution of the two algorithms playing this game. The dynamical system re-

veals the source of collusive behavior — it is a form of spontaneous "coupling" between

independent algorithms that undermines the incentives for competition. Note that if

opponents were to play a fixed profile of actions, the environment would be stationary

from the algorithm’s perspective, and the algorithm would learn to play its best response.

However, when both players employ such algorithms, the environment they face is not

stationary, and their learning becomes correlated. As a result, even though each algo-

rithm experiments independently, the actions of one affect estimates of the other, and

they end up playing symmetric profiles of actions most of the time. Correlated estimates

limit their ability to evaluate profitable deviations. We show that coupling leads to the

continuous counterpart of stochastic cycles, in which the agents cooperate most but not

all of the time.1.

Intuitively, during a period of joint cooperation, each agent’s estimates of cooperation

are correct as long as the opponent is also cooperating. Experimenting with defection

reveals defection’s profitability over time, but once one agent begins defecting, the op-

ponent observes that cooperation became less profitable and will switch to defection too.

Mutual defection reduces the estimate of the value of defection quickly. Instead, the es-

timate of cooperation is more persistent, luring the algorithms away from defection. We

dub this phenomenon "spontaneous coupling," highlighting how nearly simultaneous de-

viations sustain dominated outcomes.

The coupling of epsilon-greedy Q-learning originates from a characteristic of the algo-

rithm, its relative learning rates. The agent updates its estimates only for actions it takes;

therefore, it is slow to learn about actions taken seldom. While epsilon-greedy guarantees

continued experimentation and updating that never stops, updating is faster for those ac-

tions that currently have the largest estimate. Uneven learning rates are responsible for

introducing additional persistence in the agent’s estimates, thereby sustaining long peri-

ods of correlated play. By comparing it with simulations, we show that our approximation

1This explains why we observe that, while such algorithms often learn to collude in simulations, collu-
sion is imperfect. It is because the agents cannot converge to a constant profile of actions that is not a pure
Nash Equilibrium — otherwise, they would learn to best respond.
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is a good predictor of the average behavior of the algorithms in discrete-time games: we

observe similar coordination of play and similar levels of cooperation as we do in the

theoretical limit.

In contrast, we show that algorithms with uniform learning rates, that is, algorithms

that update estimates of the value of each action at the same speed, do not engage in

collusive practices. Uniform learning guarantees that every action enjoys the same per-

sistence. Algorithms with uniform learning avoid the stochastic cycles and learn to play

only undominated strategies.

We apply this result to construct a theory of learning-robust mechanism design. The

designer can help algorithms equalize learning rates by providing feedback and facili-

tating counterfactual inference. We extend our model to allow for games with private

information (where agents privately know their type, such as a value in an auction). Op-

timal learning-robust mechanisms ask players to submit their reports (for example, bids

in an auction) and select an outcome based on the profile of reports. After the outcome

is selected, the designer provides information that allows every participant to compute

counterfactuals. With this information, algorithms can update their estimates for all ac-

tions in every period. We show that the least amount of information the designer needs

to provide is described by a menu, which communicates what outcome the agent would

have obtained for each alternative report.

Finally, we show that experimental results found in the literature can be better under-

stood with the help of our analytical framework. We apply our model to a recent paper

by Asker et al. (2022). In a simulated Bertrand oligopoly, the authors find that feedback

about the demand curve can affect long-term pricing by the algorithms. We similarly

provide new insight into why algorithms learn to collude in first-price auctions and not

in second-price auctions in the simulations studied in Banchio and Skrzypacz (2022). We

also explain why a policy of revealing the lowest-bid-to-win, as introduced by Google in

online display auctions at the time of their transition to first-price auctions,2 increases

competition by algorithms in Banchio and Skrzypacz (2022).

1.1 Literature Review

Q-learning and Artificial Intelligence have recently sparked interest in Economics, of-

ten through experimental work (see e.g. Klein (2021), Hansen et al. (2021), Banchio and

Skrzypacz (2022)) or empirical work (see e.g. Musolff (2021), Assad et al. (2021)). The

2See https://blog.google/products/admanager/rolling-out-first-price-auctions-google-

ad-manager-partners/.
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work of Calvano et al. (2020) draws attention to strategies as a proxy for collusion: they ar-

gue that simply looking at outcomes of learning might be insufficient, as collusion might

arise as a “mistake” by poorly designed algorithms. Our work allows to delve deeper into

the dynamics of learning, and through comparative statics and convergence analysis de-

termine whether collusion is systemic. Particularly relevant is the work by Asker et al.

(2022), which analyzes the impact of algorithm design on collusion in a Bertrand pricing

game, and by Banchio and Skrzypacz (2022), who find that additional feedback in first-

price auctions restores competition. We contribute to these questions with analytical tools

that allow us to generalize their intuition and prove that counterfactual information guar-

antees competition in the games they consider. Some papers analyze models of collusion

between algorithms, for example Brown and MacKay (2021), Leisten (2022), and Lamba

and Zhuk (2022). In these papers, algorithms choose prices based on the opponent’s

last quoted price: the strategies are Markov, which rules out many plausible learning

strategies, including most AI algorithms. We focus on learning algorithms, which adapt

their decisions along the whole history. Contributions from the bandit literature include

Aouad and Van den Boer (2021), who prove tacit collusion schemes arise with classical

multi-armed bandits algorithms, and Hansen et al. (2021), which finds supra-competitive

prices are sustained by coordinated experiments when bidders use the Upper Confidence

Bound algorithm. We prove our results for general classes of algorithms, allowing for

heterogeneity in parameters as well as algorithms themselves.

Some work has examined more generally Reinforcement Learning in games, for exam-

ple Erev and Roth (1998) or Mertikopoulos and Sandholm (2016), but with some notable

differences. Firstly, many have analyzed systems experimentally (Erev et al. (1999), Lerer

and Peysakhovich (2017)). Our approach is complementary: with the aid of our frame-

work, one can tell apart experimental findings from agent design considerations. On the

other hand, there is some theoretical work on convergence of learning procedures. For

example, learning through reinforcement has been associated with evolutionary game

theory by Börgers and Sarin (1997). Others have formally analyzed some of the simpler

models, as Hopkins and Posch (2005). These results have then been extended to more

complex systems, but with a focus on the connection with replicator dynamics as their

core. Our approach is particularly relevant because instead it examines the workhorse

model in applied work, ε-greedy Q-learning. We obtain a tool valuable for regulation

and design, but we trade it off against the complete understanding possible in a simpler

system. Conveniently, the approach described in Section 2 includes some earlier results

under a general algorithmic structure.

Some earlier work analyzes continuous-time approximation of AI algorithms, mostly
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in the single-agent setting. Related to ours is the work of Tuyls et al. (2005): the authors

examine a continuous-time approximation of multi-agentQ-learning with Boltzmann ex-

ploration, and show a link with the Replicator Dynamics from the Evolutionary Game

Theory (EGT) literature. Building on their work, Leonardos and Piliouras (2022) charac-

terize the tradeoff between exploration and exploitation in the same setting. Our approx-

imations and results hold in more general settings: we analyze a general class of adaptive

algorithms, and our results leverage their discontinuities. Both Gomes and Kowalczyk

(2009) and Wunder et al. (2010) propose a continuous-time approximation of Q-learning

in a multi-agent setting with ε-greedy algorithms. Their approximations are mutually

inconsistent and require additional conditions on the parameter. Most importantly, those

approximations remain model-dependent. Our method applies to general adaptive algo-

rithms. The result is a recipe to analyze equilibria through the lens of dynamical systems,

abstaining from heuristic modeling choices. The work of Benaim (1996) often serves as

a foundation for stochastic approximations in learning. With respect to our approach,

those tools have a harder time handling general learning procedures, including AI tech-

niques that fall under the umbrella of Temporal Difference Learning. Additionally, we

adopt the formalism of differential inclusions to analyze points of non-differentiability,

generally new to the theory of stochastic approximations.3

Fluid models and other forms of approximation have enjoyed great popularity in the

fields of applied probability and operations research. Starting from the seminal contribu-

tions of Iglehart (1965), Kurtz (1970), Halfin and Whitt (1981) and Harrison and Reiman

(1981), approximations enabled formal analysis of systems otherwise deemed intractable:

see, e.g., Wein (1992) for a classic application to inventory management. More recently,

Mitzenmacher (2001) applied fluid models to the analysis of parallel computing systems,

while Wager and Xu (2021) employ diffusion approximations to study sequential experi-

ments.

We contribute to the theory of implementation in the presence of boundedly-rational

agents. Abreu and Matsushima (1992) provides implementability in dominance-solvable

games, but the iterative deletion of dominated strategies requires mixing, which our set-

ting does not allow. A few papers consider implementation in supermodular games,

which could be adopted in our model (see Chen (2002) and Mathevet (2010)). Sandholm

(2005) develops implementation in potential games, as this class guarantees valuable evo-

lutionary properties. We suspect similar results would hold under our framework. All of

these works provide robustness to certain types of bounded rationality and learning pro-

3One exception is the paper by Wunder et al. (2010), which however abandons this route in favor of
simulations.

6



cedures. As we show, the robustness guaranteed by the game form may be insufficient —

even the stronger strategy-proof incentives fail to guarantee implementation. We instead

add a new lever, feedback provision, to the toolbox of the designer.

2 Model

We begin by describing a general class of algorithms we call reinforcers: they learn by

reinforcing successful actions and penalizing unsuccessful ones. Because their dynamics

tend to be complex, we approximate these algorithms in continuous time with ordinary

differential equations (ODEs).

2.1 Games with Adaptive Agents

Consider a finite normal-form game G = (N, (Ai)i∈N , (r i)i∈N ) with N players. We are in-

terested in what happens when agents play repeatedly in this game by choosing actions

using a learning algorithm. For simplicity, let us look at one agent, Alice, choosing her

actions from the finite set Ai with cardinality di . Instead of selecting an action herself,

Alice delegates the decision-making to an algorithm that tries to learn how to maximize

her utility. The function r i(ai , a−i) describes her utility, which depends on her opponents’

actions and her own.

For example, Alice might take actions as recommended by a well-known AI algorithm,

ε-greedy Q-learning.

Example 1. A ε-greedy Q-learning algorithm consists of a vector Q(k) for every period k and

a decision rule πε.

• Each entry Qa(k) is an estimate of the long-run value of action a ∈ A. The update for

entry Qa(k + 1) in period k + 1 is given by

Qa(k + 1) =


Qa(k) +α [r(k) +γmaxa′Qa′ (k)−Qa (k)] if a = a(k)

Qa(k) else.
(1)

where r(k) is the payoff and a(k) is the action the algorithm took in period k. γ ∈ [0,1) is

a discount factor, and α ∈ (0,1) is called learning rate.

• Given the vector Q(k), the algorithm takes actions according to a ε-greedy policy. The
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decision rule πε : R|A|→ ∆(A) selects the following probability distribution over actions:

πε (Q(k)) =



1
|argmaxa∈Ai θ

a| ∀a ∈ argmaxa∈AiQa(k) with probability 1− ε
1
di

∀a ∈ Ai with probability ε

The Q vector is a more general version of the Erev and Roth (1998) and Börgers and

Sarin (1997) reinforcement learning models. We analyze in this work a different, more

straightforward decision rule. The ε-greedy policy offers an intuitive recipe for resolving

the tradeoff between exploration and exploitation. With probability 1 − ε the algorithm

is greedy: it selects the action corresponding to the largest entry of the Q vector. The

algorithm exploits what he considers to be the best action at the time. With probability ε

it explores the entire action space by taking an action at random.

Intuitively, the Q-vector estimates the long-run value of actions by iterating over a

Bellman equation. In period k, the value of an action at a certain state is a convex com-

bination of its previous estimate (with weight 1 − α) and a new Bellman estimate (with

weight α). The weight α serves as a learning rate, and we can interpret it as a measure of

persistence: higher αs make the algorithm faster in forgetting the past.

Notice that ε-greedy Q-learning, when adopted as a decision rule in a game, is inher-

ently misspecified. This is because Qa(k) attemps to estimate the payoff from taking ac-

tion a today and then playing optimally from tomorrow onwards, denoted by r i(a,a−i) +

γmaxa′ r i(a′, a−i). However, both terms depend on the unobserved actions of the oppo-

nents, a−i . If the opponents’ profile of strategies was fixed, Q-learning would converge

on the best response to that profile; instead, when all agents learn there are no results

that guarantee convergence.

Most Q-learning-based methods belong to a larger class of adaptive algorithms that

we name reinforcers.

Definition 1. A reinforcer for agent i is a pair (θi , πi) consisting of

• A di-dimensional stochastic process θi that evolves according to

θi(k + 1) = θi(k) +αiT i(ai(k), r i(k),θi(k)),

where ai(k) ∈ Ai is the action taken by agent i in period k, θi ∈ K ⊂R
di , and αi ∈Rdi+

are learning rates for all actions ai ∈ Ai .
• A policy πi , that is a map πi : K → ∆(Ai), which selects a distribution of actions for

each value of the process θi ∈ K .
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A reinforcer carries a statistic for each available action and selects an action in period

k according to its policy. Both agent i’s and her opponents’ policies introduce randomness

in the process θi . The update function T i depends Alice’s realized actions directly and

on her opponents’ actions through her utility. To completely define a reinforcer, we need

to specify also an initial value of θi(0), which we call the initialization of θi . We maintain

the following assumption on the update function T i :

Assumption A1. The functions T i(ai , r,θ) and πi(θ) are Lipschitz-continuous almost-

everywhere in θ.

Let us return to Example 1. The policy πε is constant on the subspace of Rdi where

argmaxaθ
i
a is fixed and unique. The argmax changes only along the lines of the form{

θi |θia = θia′ = maxθi
}
, which have zero Lebesgue measure. The discontinuities of the up-

date function of Q lie on the same lines, and thus the update is also a.e. Lipschitz. The

ε-greedy Q-learning satisfies Assumption A1.

When multiple agents employ reinforcers, we represent the system as a single vec-

tor of dimension d1 + · · · + dN by stacking the individual algorithms, denoted by θ(k) =

(θ1(k), . . . ,θN (k)). Similarly, T and π indicate the collection of update functions and poli-

cies when missing a superscript.

2.2 Approximation in Continuous Time

We are interested in describing the dynamics of learning for a given reinforcer. A com-

mon feature of reinforcers is that while relatively simple to analyze in a stationary en-

vironment, they often become unpredictable when learning to play against each other.

For example, Q-learning is known to converge in stationary, single-decision-maker en-

vironments. In strategic settings, if all opponent’s actions were constant, ε-greedy Q-

learning would learn how to best respond. However, when opponents are themselves

non-stationary, its properties are all but well understood. Analyzing the learning path

of any number of Q-learning agents requires describing discrete, possibly stochastic up-

dates and how those interact over time.

This section proposes a continuous-time approach to deal with the two former dif-

ficulties. We adopt the formalism of fluid approximations first introduced by Kurtz

(1970). The idea behind fluid approximations is to analyze the limit of the systems as

the jumps get small and their frequency increases. The limiting fluid ODE system pro-

vides tractability and (often) closed-form solutions.

The first step in formalizing the approximation consists of Poissonizing the stochastic

vector θ associated with a reinforcer. That is, we consider a Poisson clock with rate λ1 = 1.
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On average, the clock ticks once in a unit of time. At every tick of the Poisson clock,

the now continuous process θ1(t) gets updated according to the vector function T . The

Poissonized process θ1(t) is a compound Poisson process. We introduced a new layer of

randomness, but the path traced by θ1(t) remains identical to the path of the discrete

θ(t).

We can now generate a sequence of processes (θn)n∈N by increasing the rate of the

Poisson clock to λn = n. The goal is to regularize the learning dynamics; therefore, we

need to compensate for frequent updates by reducing the contribution of each jump to

the total estimate. We do this by dividing each jump by 1
n : in the parlance of Definition 1,

at a given arrival time τ of the Poisson process,

θ(τ) = θ(τ−) +
α
n
T (a(τ−), rτ− ,θ(τ−).

Each process θn has the same infinitesimal generator: the sequence (θn)n∈N preserves the

instantaneous rate of change uniformly. We can prove the following result:

Theorem 1. Let H ⊂ K be such that T and π are Lipschitz over H , and let y0 ∈ H be the

initialization point of θ. Then, the sequence of continuous-time stochastic processes (θn)n∈N
converges in probability to the solution of the following Cauchy problem:



dΘi(t)
dt = αEπi ,π−i

[
T i(ai , r(ai , a−i),Θi(t))

]

Θi(0) = yi0

for all i. That is, limn→∞ P
{

supt≤T
∥∥∥∥θn(t)−Θ(t)

∥∥∥∥ > η
}

= 0 for all T ≥ 0 and η > 0 such that

{Θ(t)}t≤T ⊂H .

We provide a formal construction of the sequence θn and a proof of this result in Ap-

pendix A. The process Θ(t) for t ≥ 0 is the fluid approximation to θ: it is a deterministic

dynamical system whose time-derivative is the expected update that the discrete pro-

cess θk would incur over one unit of time. Theorem 1 guarantees that the sequence of

processes (θn)n∈N we constructed draws closer and closer (in probability) to the contin-

uous process. The theorem relies on a law-of-large-numbers argument: if the updates

occur with high frequency and each update’s contribution is relatively small, the process

behaves similarly to its expectation. We leverage the fundamental theorem of fluid ap-

proximations by Kurtz (1970), a stochastic-processes version of the law of large numbers,

to conclude convergence in probability.
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2.3 Continuous-Time Dynamical Systems

Instead of analyzing the discrete reinforcers, we focus on their continuous-time fluid lim-

its. Their dynamical system structure provides us with a wide range of tools to character-

ize their path over time.

Definition 2. Given a dynamical system dθ
dt , the flow of θ starting in x is the map

θ(−,x) : [0,+∞) → K

t 7→ θ(t,x)

that satisfies Equation (2) with initial condition θ(0,x) = x. A trajectory of the dynamical

system is the graph of the flow,
{
(t,θ(t,x)) : t ∈ [0,+∞)

}
. The set Γx =

{
θ(t,x) : t ∈ [0,+∞)

}
is

the orbit of θ starting from x. If a sequence (tn)n∈N is such that


lim
n→∞tn = +∞
lim
n→∞θ(tn,x) = y

we say that y belongs to the forward limit set for the orbit Γx. A steady state of the dynamical

system is a fixed point of its law of motion, i.e. dθdt (t) = 0.

The actions taken by a reinforcer depend directly on its estimates. Thus, analyzing

the underlying dynamical system is a good proxy for the path of play. Studying the for-

ward limit set of a reinforcer allows us to focus on estimated values instead of realized

actions. A policy such as ε-greedy trembles organically: even if the reinforcer settles its

estimates and identifies the action with the largest expected reward, it will keep playing

sub-optimal actions (albeit with a small probability). The reinforcer can nonetheless be-

come stationary if its estimates reach a steady state. We adopt this view for simplicity

and clarity of exposition.

Definition 3. We say a reinforcer (θi ,πi) initialized at x converges if θi(t)’s flow started

at x converges on a steady-state θ
i
. We say the agent converges on action ass if the steady-

state θ
i

is such that ass ∈ argmaxa∈Ai θ
i
a. If the argmax is not unique, we say θ

i
is a

pseudo-steady-state.

The requirement of existence of a steady state can, at times, be stringent, which is why

we allow agents to learn an action al if the estimate of that action is always the largest in

the limit.
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Definition 4. We say the reinforcer learns action al if there exists a T > 0 such that al ∈
argmaxa∈Aθia(t) for all t ≥ T . Equivalently, for all θ

i
in the forward limit set of a given

orbit, θ
i
al = maxa∈Aθ

i
a(t).

It is a simple exercise to show that if the forward limit set of θ is a singleton, an agent

who learns action al also converges on action al . Importantly, an agent can learn action al
even if she doesn’t play said action in each period. The definition of reinforcers is overly

permissive, allowing for many procedures which do not behave well in their limit. For

this reason, in the rest of the paper we focus on what we call separable reinforcers.

Definition 5. A reinforcer (θi ,πi) is said to be separable if the fluid approximation of θi

is of the form

dθia(t)
dt

= αia
(
θi(t)

)[
U

(
θia(t),Eπ−i [r

i(a,π−i)]
)

+V
(
θi(t)

)]
. (2)

where αia(θ
i) ∈ [0,1], α, U , and V are a.e. Lipschitz in all components, U is Lipschitz

everywhere and increasing in E[r(a,π−i)] and decreasing in θia, and ∂V
∂θai

< − ∂U
∂θai

almost

everywhere.

Two parts make up a separable reinforcer: a component that is equal for all actions,

V (θi), and a component that is action specific but Lipschitz over the entire domain K ,

U (θia,E[r i]). The function U , uniform across all actions, operates on a given action’s

estimates. The first of the monotonicity assumptions amounts to requesting that a re-

inforcer’s updates increase with good news. The second states that a reinforcer likes

surprises: the update shrinks if the agent already holds an action in high regard.

Notice that we allow for heterogeneity in the learning rates αia across actions. The

heterogeneity accounts for differences in learning rates originating from the policy. The

ε-greedy Q-learning described in Example 1 exemplifies this assumption. For Q-learning,

U (Qia(t),E[r i]) = Eπ−i [r
i(ai , a−i)]−Qia(t)

and V (Qi) is simply γmaxaQia(t). Thus, U is linear in its arguments and Lipschitz ev-

erywhere, increasing in rewards and decreasing in Qia(t). The common component V is

constant over its Lipschitz domains and since γ < 1 its derivative is dominated by U ’s.

The learning rate αia(θ
i(t)) in the case of ε-greedy Q-learning is simply αia · (πε(θi(t)))a:

the Q-learning rate αi multiplied by the probability of selecting action a given θi(t).

The restriction to separable reinforcers does not rule out standard algorithms. Sepa-

rability only requires that an algorithm "treats each action the same": the only term that
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can differ across actions is the learning rate α. All entries of the vector θi adopt the same

action-specific component, and any interaction term appears uniformly in all actions’

updates.

3 Q-learning in the Prisoner’s Dilemma

We analyze the behavior of a simple Q-learning algorithm in a family of Prisoner’s Dilem-

mas. Simulations indicate that independent Q-learners coordinate on cooperation for a

wide range of parameters. Coordination is however imperfect, with players periodically

alternating between cooperation and defection. We apply continuous-time techniques

to characterize the learning outcomes and identify the critical mechanism that sustains

cooperation.

Consider the following family of contribution games, with payoffs given by Figure 1.

Alice and Bob have two American dollars each, and they simultaneously decide whether

or not to contribute to a shared pool that grows its value by a factor of 1 < g < 2. The riches

in the pool are then shared equally between Alice and Bob, but each agent gets to keep

what they didn’t contribute on top of that. This game is a canonical model of the free-

rider problem. The parameter g models the attractiveness of joint cooperation: the larger

g, the more attractive cooperation becomes. However, for all g ∈ (1,2), the dominant

strategy, and the only Nash equilibrium, is to play “defect" and keep one’s change.

Alice

Bob

C D

C 2g,2g g,2 + g

D 2 + g,g 2,2

Figure 1: Payoffs of the stage game, 1 < g < 2.

Simulations. We simulate the path of play of Alice and Bob when they adopt ε-greedy

Q-learning in the above free-rider problem 100 times for various values of g. In each

simulation, we initialize both algorithms optimistically, i.e. with values larger than the

maximum available continuation value, 2g
1−γ . We observe their path of play over 100,000

time steps, and we say the agents learn profile (aA, aB) if in the last 1000 iterations they

play such profile over 50% of the time.
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Figure 2a shows the results of these numerical experiments. The algorithmic agents

learn to play the dominant strategy equilibrium {D,D} only for low values of the param-

eter g. Instead, when g is large, the agents cooperate, albeit imperfectly. Both coopera-
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(a) Fraction of runs where the agents learn the
Nash Equilibrium {D,D}.
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(b) Fraction of time where cooperation is a
player’s preferred action in a single run for var-
ious values of g.

Figure 2: For these simulations, we chose parameters ε = 0.1, α = 0.05 and γ = 0.9.

tion and defection appear in unpredictable but recurrent cycles, as shown in Figures 3a

and 3b: the value of collaboration is generally above that of defection, but it drops be-

low QD(k) at somewhat regular intervals so that agents switch to playing D. The value

of defection then decreases almost immediately, and players revert to cooperation. These

simulations highlights a few puzzles. First, cooperation arises only for large values of g,

even though defection is always a dominant-strategy. Second, cooperation seems to con-

sist of cycles, but it is hard to impute these to “retaliatory" strategies played by simple

Q-learning algorithms. Figure 2b shows that even in the long run Alice and Bob play

cooperation for a large fraction of the time.

3.1 Theoretical results

We begin the theoretical analysis by writing down the continuous-time approximation

of ε-greedy Q-learning explicitly. When Alice and Bob adopt this algorithm, they learn

only about the actions they take, which depend on the values of Q(k). In the parlance of

Definition 1, both Alice and Bob evolve according to a function T i which is discontinuous

along the surface QiD(k) = QiC(k). To sidestep this discontinuity in the right-hand side of

the discrete-time system, we first apply Theorem 1 toQ(k) over the largest open sets such

14
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(a) Evolution of Alice’s Q-values, obtained with
g = 1.8.

T − 400 T − 300 T − 200 T − 100
34

34.2

34.4

34.6

34.8

35

35.2

35.4

Time

Q
va

lu
es

QAC (t)

(b) Evolution of Bob’s Q-values, obtained with
g = 1.8.

Figure 3

that T = (T A,T B) is everywhere Lipschitz. We call these sets maximal continuity domains:

in the case of ε-greedy Q-learning these are sets ωa,b of vectors Q such that Alice’s greedy

action is a and Bob’s greedy action is b.

Over ωC,C the greedy action for both players is C, so that in every period Alice co-

operates with probability4 1− ε
2 and defects with probability ε

2 . Hence, with probability

(1− ε
2 )2 she collects reward 2g — similarly for other profiles. Therefore, the fluid limit in

ωC,C solves 

dQA
C(t)
dt

= α
(
1− ε

2

)[(
1− ε

2

)
2g +

ε
2
g + (γ − 1)QA

C(t)
]

dQA
D(t)
dt

= α
ε
2

[(
1− ε

2

)
(2 + g) + 2

ε
2

+γQA
C(t)−Qi

D(t)
]

dQB
C(t)
dt

= α
(
1− ε

2

)[(
1− ε

2

)
2g +

ε
2
g + (γ − 1)QB

C(t)
]

dQB
D(t)
dt

= α
ε
2

[(
1− ε

2

)
(2 + g) + 2

ε
2

+γQB
C(t)−Qi

D(t)
]

(3)

Similar systems appear in all continuity domains, and can be written in matrix form as

Q̇(t) =



AC,CQ(t) + bC,C for Q(t) ∈ωC,C
AC,DQ(t) + bC,D for Q(t) ∈ωC,D
AD,CQ(t) + bD,C for Q(t) ∈ωD,C
AD,DQ(t) + bD,D for Q(t) ∈ωD,D

(4)

4I.e., C is selected with probability 1− ε if the randomization device instructed the agent to be greedy
and with probability ε

2 if the agent plays a random action.
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The behavior of this 4-dimensional piecewise-linear system with 4 right-hand sides turns

out to be complex. In particular, the system exhibits chaotic behavior over various parametriza-

tions and initial conditions (see Appendix B for more details on chaos theory and its

analysis in the contribution game).

To make progress in the analysis of the chaotic system, we begin by restricting atten-

tion to a subspace of R4. In particular, we note that if the initial condition is symmetric,

the system is bound to remain symmetric: the space {Q ∈R4|QAa =QBa for a = C,D} �R
2 is

a subspace for the dynamical system in Equation (4). In what follows, we will then make

the following assumption:

Assumption S. Let QA
a (0) = QB

a (0) for a = C,D.

Under Assumption S, we can prove the following proposition, which characterizes the

limiting behavior of the continuous-time approximation.

Proposition 1. Let ε(g) = 1 −
√

2−g
g . The forward limit set of Q is a singleton for any initial

condition. If ε ≥ ε(g), all initial conditions lead to the unique steady state

q
eq
D =

(
2ε+ 2g − εg

2
+
γ (4 + εg)
2(1−γ)

,
4 + εg

2(1−γ)

)

which lies in ωD,D .

If ε < ε(g), initial conditions may lie in one of two regions of attractions, RD and RC . All

initial conditions in RD lead to the steady state qeqD . All initial conditions in RC instead lead to

the pseudo-steady state

q
eq
C = (y,y) where y =

1 + g +
√

(g − 1)(g − 1− εg + ε2g
2 )

(1−γ)
,

which lies in ωD,D ∩ωC,C .

In the symmetric subspace, the limiting behavior of the system can be twofold. When

ε is larger than the critical level ε(g) = 1 −
√

2−g
g , the algorithms converge on a steady

state qeqD where both players find defection to be the preferred action. However, when ε

is below the critical level, there exists additional steady state. In this steady state, Alice’s

and Bob’s estimates of cooperation and defection coincide — we therefore refer to this as

a pseudo-steady-state, qeqC . In this pseudo-steady state the Q estimates fall between the

long-run value of mutual defection, E[r(D,a−i )]
1−γ , and the long-run value of mutual cooper-

ation, E[r(C,a−i )]
1−γ . Alice and Bob are indifferent between cooperation and defection in qeqC ,
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and they play cooperation for a fraction τ of the time and defect for a fraction 1−τ of the

time.

Corollary 1. In the pseudo-steady-state qeqC agents spend τc fraction of their time cooperating,

where

τ =
ε2g
2 + ε − 2− qeqC (γ − 1)(1− ε)

2(ε − 1)(1 + g + (γ − 1)qeqC )
∈
[1
2
,1

]
.

The pseudo-steady-state qeqC corresponds to the imperfect cooperation we observed in

the experiments. In particular, the analytic expression for the time spent cooperating

approximates its discrete-time experimental counterpart closely, as shown in Figure 7b.5

3.2 Sketch of the proofs

Under Assumption S the system evolves according to the following piecewise-linear dy-

namical system:

Q̇(t) =


AC,CQ(t) + bC,C for Q(t) ∈ωC,C
AD,DQ(t) + bD,D for Q(t) ∈ωD,D

We denote the two vector fields over each domain ωa,a as Fa for a ∈ {C,D}. The flows

within each ωa,a characterize the evolution of the Q-functions. The system at large how-

ever is discontinuous: we would like to preserve continuity of any given flow along the

boundary ωC,C ∩ωD,D . Proposition 2 below guarantees that we can suitably extend the

flows on the boundary, similarly to continuous pasting techniques, such that the flow

defined by the fluid limit is globally defined forward in time.

Proposition 2. Let Fa be the field defined as above over ωa,a for all a ∈ {C,D}. There exists a

global solution in the sense of Filippov (1988) to the differential inclusion

dQt

dt
= Fa(Qt) over ωa,a for a = C,D

dQt

dt
∈ co

{
Fa(Qt)

∣∣∣ ∀a = C,D
}

when Qt ∈ωC,C ∩ωD,D

where co{·} denotes the convex hull of a set, and ω is the closure of ω.

Both vector fields FC and FD are well-defined also on the boundary between ωC,C and

ωD,D . This boundary is called a switching surface, because the laws of motion must switch

from one field to the other. Adopting the Filippov convention, we can define a vector

5In Appendix B we observe that the general asymmetric 4-D system gravitates around a similar equi-
librium, where QC =QD . We interpret it as additional support for the restriction to a symmetric subspace.
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field on the switching surface such that all flows extend to a global solution and such that

certain continuous-pasting conditions are satisfied.6

Let us call N̂ the unit normal vector to the switching surface ωC,C ∩ωD,D . We divide

the switching surface in three regions, according to the signs of the normal components

of the two vector fields FC and FD . A crossing region occurs when both normal fields to

the boundary N̂ ·Fa are of the same sign. Either FC or FD can be used to define the law of

motion on the surface: any orbit leaves the switching boundary immediately. A repulsive

region occurs where both normals N̂ · Fa face away from the boundary, which will then

never be reached. Unless initialized here, an orbit will never intersect the repulsive re-

gion, thus we do not need to define a field here. Finally, a sliding region occurs when both

normal components N̂ ·Fa of the two vector fields point towards the boundary. Every flow

hitting the switching surface in the sliding region must continue on the switching surface,

sliding along the boundary. The sliding vector field is defined as a convex combination of

the two vector fields FC and FD with parameter τ such that the normal component to the

switching surface vanishes, i.e. τ(N̂·FC)+(1−τ)(N̂·FD) = 0⃗. The vector field τFC+(1−τ)FD
is the unique vector field in the convex hull of FC and FD whose flow is confined to the

switching surface and which satisfies the differential inclusion requirements. Figure 4

plots the vector fields around the boundary and shows an example of sliding and crossing

boundaries, together with a sample orbit. For more details on how the field is calculated

we refer the reader to the proof of Proposition 1 in the Appendix.

(a) Trajectory crossing the boundary. (b) Trajectory sliding along the boundary.

Figure 4: Depiction of two discontinuous flows around a switching surface, in the cross-
ing and sliding case.

6Uniqueness in general is not guaranteed: behavior on the switching surface can lead to multiplicities
in the behavior of the system. The law of motion on the switching surface needs only to belong to the convex
hull of the laws of motion on either side; by constraning the motion to satisfy certain continuous-pasting
conditions we obtain well-defined orbits.
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(a) Phase space with g = 1.8.

(b) Phase space with g = 1.1.

Figure 5: Stationary points are marked with a red dot. The domain of attraction of the
cooperative outcome is green-shaded, and the one for the non-cooperative outcome is
blue-shaded.

Stability analysis In Figure 5 we plot the vector fields that define Q for two different

values of g. The orbits of Q evolve according to these vector fields. We highlight the pres-

ence of two stationary points when g is large — the pseudo-steady-state on the boundary

disappears for low values of g. The analytical characterization of the two points men-

tioned in Proposition 1 follows the derivation in Appendix A.

We will refer to the point qeqC as the cooperative steady-state. Its existence hinges on the

relationship between the value of cooperation and the exploration rate. Figure 6 shows

the minimum exploration ε that guarantees a cooperative steady-state and how it varies
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Figure 6: Maximum exploration rate ε to support the cooperative equilibrium, as a func-
tion of the growth rate. For all ε > ε(g) there does not exist a steady-state where both
algorithms learn to cooperate.

with the value of cooperation. Intuitively, as g increases, the relative benefit of defecting

decreases (and vanishes completely when g = 2), so more and more exploration is needed

to realize thatD is a dominant action. For example, if g = 1.8 the exploration rate required

to guarantee convergence on {D,D} is about 70%, which is considerably larger than the

standard employed in practice.7

Sustaining cooperation Note that, when simulated with small but discrete time steps,

the dynamical system closely mimics the path of play of the discrete Q-learning. We can

see this by comparing Figure 7a with Figures 3a and 3b, shedding some light on how

Q-learning could sustain cooperation.

Suppose C is the preferred action of both players: Alice and Bob cooperate but with

probability ε
2 one defects and realizes its benefit. Over time, QiD must rise above QiC .

Suppose this happens first to Alice. Once Alice defects, Bob will defect immediately after

— cooperating makes Bob considerably worse off when Alice defects. Mutual defection

decreases the value ofQiD for Alice and Bob, but it is slow to changeQiC . Effectively, when

the exploration rate is low, the adaptive agents play a symmetric profile of actions too

often. We call this effect the spontaneous coupling, because the estimates of independent

Q-learners tend to evolve symmetrically.

When algorithms start defecting, they experiment with cooperation infrequently, which

7The literature on Q-learning in games usually employs ε = 0.1 or smaller, either fixed or decreasing
over time. E.g., see Gomes and Kowalczyk (2009).
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grants considerable persistence to the estimate of cooperation’s valueQiC . Alice’s estimate

QAC remains close to the long-run value of mutual cooperation. Instead, her estimate QAD
drops dramatically once both agents begin defecting. Effectively, Alice never realizes the

downside of cooperating when Bob defects because both revert to cooperation simultane-

ously.
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(a) Cycles of play around the cooperative equi-
librium in the discretized ODE system.
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(b) Proportion of time spent playing the coop-
erative outcome in q

eq
C , analytically and in the

simulations.

Figure 7

The pseudo-steady-state on the boundary is the continuous-time counterpart of these

cooperative cycles in the discrete system. The discrete cycles tend to a single point in the

continuous-time limit. In the pseudo-steady-state, agents are ‘ìndifferent” between coop-

eration and defection. Both spend some “local time” playing either action: we interpret

the weights τ,1−τ assigned to the fields on the boundary as the fraction of time dedicated

to cooperation and defection, respectively.8 The local time is such that the infinitesimal

incentives around the stationary point are balanced.

Figure 7b plots τ and shows that the proportion of time spent playing the coopera-

tive profile at equilibrium varies with g. Compare this with Figure 2b: the analytical

expression τ approximates well the estimates of the same quantity from the simulations.

Additionally, recall that the discrete simulated system always exhibits chaotic behavior:

nonetheless, the expression τ appears to fit the data.

8This intuition can formalized using the idea of hysteresis loop around the boundary; see di Bernardo
et al. (2008)
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4 General Reinforcers

The mechanics of spontaneous coupling, identified in Section 3, appear tied to the policy

of the reinforcer. We show that the driving force of inadvertent coordination lies in the al-

gorithm’s uneven learning rates across different actions. Learning at different rates about

different actions facilitates coordination for general reinforcers. We establish a sufficient

condition on the parameters of the algorithm which avoids coupling: learning rates must

be uniform across actions.

4.1 Reinforcers in the Prisoner’s Dilemma

The ε-greedy Q-learning analysis in the Prisoner’s Dilemma of Section 3 brings out a

mechanism which sustains collusive behavior between algorithms. Suppose Alice’s pre-

ferred action is cooperation: at rate 1 − ε
2 she learns about the payoffs of cooperating,

while she learns about the payoffs of defection more slowly, at rate ε
2 . Exploration reg-

ulates how quickly Alice learns about the payoff of a deviation. When algorithms are

coupled, low rates of exploration impair the ability of the algorithm to correctly estimate

the value of deviations. The learning rates dampen the law of motion of the estimates

unevenly, allowing faster updates only for the greedy actioin.

This phenomenon can be formalized without referring to a specific policy. In fact, a

given policy only affects the learning rates αa of different actions. For example, in the case

of ε-greedy Q-learning, recall the differential equations within the maximal continuity

domain ωD,D :



dQA
C

dt
(t) = α

ε
2

α
ε
2

α
ε
2

[(
1− ε

2

)
g +

ε
2

2g + (γ − 1)QA
C(t)

]

dQA
D

dt
(t) =α

(
1− ε

2

)
α
(
1− ε

2

)
α
(
1− ε

2

)[(
1− ε

2

)
2 +

ε
2

(2 + g) +γQA
C(t)−QA

D(t)
]

In the language of separable reinforcers, the decision rule only affects αia(θ
i). When time

is continuous, each estimate is updated according to its payoff given the opponents’ ac-

tions — the only role of the policy is to determine the relative learning rates. It is clear

from this discussion that the absolute magnitude of the learning rates does not matter,

which is why we focus on the relative rates.

Definition 6. The relative learning rate of action ai is the ratio

RLR(ai) =
αai∑
a∈Ai αa

.
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Theorem 2 shows how differences in RLR across actions generally give rise to spon-

taneous coupling. The coupling appears in a Prisoner’s Dilemma for any pair of agents

using any (separable) reinforcer. For simplicity, we restrict attention to reinforcers with

maximal continuity domains equal to ωC,C and ωD,D , and learning rates αC ,αD constant

over both.

Theorem 2. Let each agent learn through the same greedy reinforcer in any Prisoner’s Dilemma,

and let Assumption S be satisfied. There exist an open set A ⊂ R
4
+ such that for all parameters

{αj(ωk,k)}j,k=C,D ∈ A there exists a pseudo-steady-state on the boundary ωC,C ∩ωD,D .

We prove Theorem 2 formally in the Appendix. The proof is constructive: we show

that there exist a symmetric tuple of αs such that the sliding vector field on the indiffer-

ence boundary is null. In particular, we show this when the vector fields on either side

of the indifference boundary are opposite, i.e. the local time is 1
2 . We apply homotopical

arguments to show that there exists such αs, and then we perturb the problem and we

obtain the result by continuity.

The Theorem highlights an important fact: even in dominant-strategy-solvable games,

reinforcers will not play the dominant strategy for various ranges of parameters.

4.2 Reinforcers with Uniform Learning Rates

We provide a simple condition that guarantees reinforcers converge on dominant strate-

gies: reinforcers’ relative learning rates must be uniform across all actions. Intuitively,

even if algorithms are coupled uniform learning rates allow agents to evaluate deviations

correctly, thus leading them to their dominant strategy.

We first need the following technical assumption:

Assumption A3 (Thickness). Let Gt−i(a) be the distribution over actions of all players but

i at time t. Then, there exists a χ > 0 and a T such that for all t > T , Gt−i(a) ≥ χ for all

a ∈ A−i .

Thickness ensures that sufficient exploration is carried out by all players in the limit. Any

game where all agents adopt a ε-greedy policy satisfies this assumption, for example.

More generally, thickness states that each action profile is played with positive (albeit

small) probability in the limit.

Theorem 3. Suppose Assumption A3 is satisfied for all players.9 In any game with a dominant

9We require this assumption because we formulate the Theorem for games solvable by weak dominance.
We can instead drop Assumption A3 when the best-response to any of the opponent’s strategies is unique.
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strategy equilibrium, a reinforcer with RLR(ai) = RLR(ãi) for all ai , ãi ∈ Ai learns the dominant

strategy. If the forward limit set of θ is a singleton, then θ converges on the dominant strategy.

This result is surprisingly powerful. In particular, we make almost no assumption

about the opponent’s play: as long as all actions are played with some positive probabil-

ity even in the limit, the reinforcer will learn to play its dominant strategy. If the game

is solvable by strict domination, we do not even require Assumption A3. Compare this

with the previous result, Theorem 2, which required symmetric reinforcers in a Prisoner’s

Dilemma. Uniform learning rates ensure any reinforcer will learn the dominant strategy

for any number of opponents, as well as opponents who adopt different learning algo-

rithms, or the same learning algorithm with different parameters. All these asymmetries

can be accommodated by Theorem 3.

The assumption that relative learning rates be uniform across actions may appear

stringent: it might for example require restricting the exploration of the algorithm to

try each action uniformly at random. Instead, we propose a different strategy to achieve

identical RLR across actions.

Consider again Q-learning. The algorithm updates the statistic of action ai when ac-

tion ai is taken and its reward is observed, but it leaves other statistics unattended when

the corresponding action is not selected. Suppose however that the agents were able to

compute counterfactuals. That is, suppose that, after choosing an action ai in period t,

the algorithmic agent was able to work out rt(ãi , a−i) for all ãi , ai . Then, the statistics

of all actions could be updated simultaneously, using the reward that each action would

have procured had it been played in that period. Simultaneous updates are sometimes

referred to as synchronous learning:10 in this case learning happens at the same rate for

all actions. The ability to compute counterfactuals affects the learning rates: the second

term in αia · (πε(θi(t)))a disappears when agents update synchronously. When asymmetric

learning rates arise from missing or asymmetric experiments, counterfactual information

(that is, a correct model of the environment) is sufficient to eliminate the asymmetry. The

following corollary formalizes this intuition.

Corollary 2. Under the same assumptions of Theorem 3, a reinforcer who can compute counter-

factuals always learns the dominant strategy. If its forward limit set is a singleton, it converges

to the dominant strategy.

It is perhaps not surprising that counterfactuals help to learn to play equilibria. In

fact, the theory of Nash equilibrium is based on the assumption that agents can compute

10The term synchronous appears in Asker et al. (2022), but the idea of agents learning from counterfac-
tuals is present already in Tumer and Khani (2009).
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the payoff that would have obtained if they had played a different action, treating the

opponents’ strategies as fixed. This in turn allows them to evaluate incentives to deviate.

Corollary 2 establishes that reinforcer algorithms successfully rule out dominated strate-

gies, provided they have access to a method to compute counterfactuals. Reinforcers with

counterfactuals will learn to play the (unique) equilibrium.

More generally, let us consider the procedure of iterated elimination of strictly of dom-

inated strategies (IESDS). However, we rescrict deletion to strategies strictly dominated

by another pure strategy, because reinforcers do not deal well with mixed strategies.11

Definition 7. We say that an action ai ∈ Ai is pure-rationalizable if there is an order of

IESDS such that ai survives the IESDS procedure.

In general, for a certain order of deletion of dominated strategies action ai might get

eliminated. However, as long as there is an order such that ai survives the IESDS process,

we consider ai pure-rationalizable. Our next theorem shows that reinforcers with access

to counterfactuals only play pure-rationalizable strategies in the limit.

Theorem 4. Let all players in game G learn through a reinforcer using a ε-greedy policy with

RLR(ai) = RLR(ãi) for all ai , ãi ∈ Ai for all i ∈ N . Assume ε > 0 is small enough so that the

reward’s order is preserved, i.e. if a−i is the preferred profile of actions of agent i’s opponent,

Eπ−i [r(a
i , a−i)] > Eπ−i [r(ã

i , a−i)] when r(ai , a−i) > r(ãi , a−i). Then, all actions learned by the

players are pure-rationalizable in the game G under the same IESDS order.

One implication of Theorem 4 is that, in a supermodular game with a unique equilib-

rium, ε-greedy reinforcers with uniform learning rates always learn to play Nash equilib-

rium strategies. More generally, in any pure-dominance-solvable game, reinforcers will

learn the pure-strategy Nash equilibrium.

We can interpret relative learning rates in an intuitive sense as the relative ability

to work out counterfactuals for a given action. Because the utility of a given action de-

pends on the opponent’s path of play, uneven learning rates generate biased estimates.

Small relative learning rates fail to account for asymmetric play, impairing the ability of

the algorithm to best-respond. Uniform learning rates instead guarantee correct coun-

terfactual estimates. With unbiased counterfactuals, abandoning dominated strategies is

immediate.

In the next section, we leverage these results for implementation in hybrid markets:

games played by rational as well as learning agents. Furthermore, Sections 6.1 and 6.2

11Definition 1 makes clear that it is impossible for adaptive algorithms to learn the value of randomizing
across actions.
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show how Theorems 3 and 4 can be applied to study analytically environments that re-

ceived considerable attention in the experimental literature.

5 Application: Learning-Robust Mechanism Design

In this section we apply our findings to the problem of mechanism design. We are inter-

ested in designing a dominant strategy mechanism with a feedback rule that guarantees

that if players use separable reinforcers and update their estimates according to their

feedback, they will learn the dominant strategy. Moreover, we are interested in finding

the minimal feedback necessary to accomplish this goal, because we are concerned with

unintended consequences of providing the algorithms more information than necessary

about the play of the other players.

Consider a canonical model of implementation with private information. Let X be the

set of possible outcomes, and let there be n agents with types (λi)i=1,...,n ∈
�

i=1...nΛi = Λ

fixed over time.12 Type λi determines agent i’s preferences ui : X ×Λi → R over out-

comes. A direct revelation mechanism requires each agent to report a type λ̂i . The mech-

anism then maps the reported type profile λ̂ to an outcome, f (λ̂). We say a mechanism is

strategy-proof if it is a direct revelation mechanism and reporting truthufully is a domi-

nant strategy:

ui(f (λi ,λ−i),λi) ≥ ui(f (λ̂i ,λ−i),λi) ∀λ̂i , λi .
Assume further that a subset of agents L ⊆N act according to the choices of their own

reinforcer. Agents in L, learners, assess the value of each individual report over multiple

iterations of the mechanism. Agents in N \ L are instead rational, but we assume they

are short-lived (or myopic). That is, they rationally play their static dominant strategy in-

stead of trying to manipulate the learning agents. In each period a fresh group of rational

agents arrives, and both rational and learning agents choose a report. Once the mecha-

nism has selected the outcome, rational agents leave, and learners update their estimates.

We call this setting a hybrid market, because rational and learning agents coexist.

We assume that rational agents play their dominant strategy and report truthfully (by

definition). However, as we have seen in Sections 3 and 4 coupling between indepen-

dent algorithms may lead to behavior consistent with collusive agreements. We thus seek

learning-robust strategy-proof mechanisms (LRSM).

12It is simple to extend this result to allow for types drawn i.i.d. in every period, but for simplicity we
stick to a constant type in this section.
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Definition 8. Suppose agents in L adopt a (separable) reinforcer. A strategy-proof mech-

anism is learning-robust if each agent l ∈ L learns the truthful report λltruthful.

In a LRSM, algorithmic agents will learn that reporting truthfully delivers the largest

value. The actions taken by the reinforcers might be tainted by exploratory policies, but

the estimates they identify will agree with the strategy-proof nature of the game.

Let us assume that the information provided by the designer is used by the algorithms

to make inference about payoffs from reports they dismissed. Then, our results show that

we can ensure robustness of a mechanism by supplying enough information to the rein-

forcers so that they can evaluate counterfactuals.13 In this private information setting, the

designer can assist algorithms in their counterfactual calculations. Counterfactual utili-

ties hinge on the opponents’ reports, so the designer can help by revealing some private

information after she receives all reports. We refer to this ex-post revelation as feedback

provision. Given a strategy-proof mechanism f , we look for a LRSM for f , that is, an

ex-post feedback policy which allows agent to compute counterfactuals.

A feedback policy for agent i is essentially a partition of the space of opponents’ types,

Λ−i . After receiving the reports, the designer communicates to each agent in which ele-

ment of their partition they find themselves. Using these partitions, agents can compute

what outcome they could have enforced by unilaterally deviating to a different report.

Of course, a designer can always opt for a full revelation feedback policy. Revealing

everyone’s report after the mechanim allows algorithms to compute payoffs from every

report, but it can induce additional costs and concerns. First, insisting on revealing all

private information may facilitate tacit or explicit collusion. Second, revealing all private

information may result in large communication costs. Finally, it is not necessarily true

that, when provided with all reports, computing the allocation is a simple task. In cer-

tain complex auctions for example, discovering the price and allocation requires solving

complex optimization problems.

We define a privacy order on the space of feedback policies. We can show that this or-

der is a lattice, and thus there exist both a minimally- and a maximally-private feedback

policy. The former is the full revelation policy, consistent with our intuition. We charac-

terize the latter, by showing that the designer can communicate just enough information

to ensure that each agent can compute its counterfactuals, and nothing more. It turns out

that such feedback is informationally-equivalent to the well-known menu formulation of

the mechanism (Hammond (1979)).

13Recall from Corollary 2 that updating the estimates θa according to counterfactual information en-
forces uniform learning rates, but this is only a sufficient condition.
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Theorem 5. Let f be a strategy-proof mechanism. Then,

1. There always exists a LRSM for f ,

2. The maximally-private LRSM for f is a menu description.

Menu descriptions are the ex-post feedback counterpart of menu mechanisms. Ham-

mond (1979) defines menu mechanism as providing each agent with a menu, which de-

pends on the profile of reports of the opponents, and let the agent choose his preferred

outcome. Instead, we provide feedback in the form of menus — algorithms can compute

what would have happened had they reported a different type.

The feedback of menu descriptions is an aggregator of market information, which

helps agents evaluate the true value of truthful reporting. Parkes (2004) argues that

mechanism design can play an important role in shaping algorithmic systems. The au-

thor describes learnable mechanism design — the idea of explicitly designing mechanisms

to maximize and improve performance considering the agent’s adaptive behavior. As he

suggests, “a useful learnable mechanism would provide information, for example via price sig-

nals, to maximize the effectiveness with which individual agents can learn equilibrium strate-

gies”. We view this section as a formalization of this intuition, as we have shown that

feedback design can make traditional strategyproof settings robust to adaptive algorith-

mic players by providing price signals, or menu descriptions.

Finally, note that the world of online auctions has partly begun to provide feedback to

its participants. Google’s auctions for display advertising provide feedback, in the form

of a “minimum bid to win”, after each auction has concluded. The minimum bid to win

is indeed the menu mechanism for an single-item allocation problem. In the next subsec-

tion we will show what a menu description would look like in a simple VCG auction for

online advertising, such as one used by Yandex.ru for their search advertising business.

All formal statements and proofs in this section are presented in Appendix C.

5.1 VCG for online search advertising

Consider the following simple model of search advertising. There are n bidders for a

given query, each with their own value vi ∈ {0,0.1, . . . ,10} for each click. Without loss we

can order bidders by their valuations: v1 ≤ v2 ≤ . . .vn. The search site offers two ad slots.

The first ad slot will bring a predicted traffic volume of 100 units, while the second ad

slot will only bring in 80 units of traffic. The search site is running VCG: the winners of

the two slots will be the agents with the two largest bids. Let us assume for simplicity

that ties are broken in favor of the agent with larger index i. Both winners will pay the
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largest losing bid for 80 units of traffic. Additionally, the winner of the first ad slot will

pay the bid of the winner of the second ad slot for the extra 20 units he receives. This

because the pivotal bidder for the last 20 units is the winner of the second ad slot, not the

loser with the largest bid.

Suppose first that all agents report truthfully. Then, agent n wins the first ad slot, and

agent n − 1 wins the second. Agent n − 1 pays an estimated 80vn−2, while agent n pays

80vn−2 + 20vn−1. Now, imagine agent k was attempting to learn how to play by bidding

according to a separable reinforcer. The designer would want to provide feedback to

the agent, to ensure he’d be able to compute what would have happened, had he bid an

amount v̂k , vk, keeping everyone else’s reports fixed. The feedback required is in fact

simple: agent k needs a price for the second ad slot, and a price for the first. In this

example, the designer would communicate prices vn−1 and vn.

To see why these prices are sufficient, consider agent k’s calculations. There are only

three possibilities. If he bid v̂k ≤ vn−1, then he would receive zero payoff, the same as if

he was to bid truthfully. Suppose he bid vn−1 < v̂k ≤ vn instead: then agent k would win

the second ad slot, and pay 80vn−1. Finally, if agent k bid vn < v̂k, he would win the first

ad slot. His payment would then be 80vn−1 + 20vn. All three counterfactual payoffs only

require two prices: the bids of the two winners.

Similarly, the winner of the second slot requires two prices: vn and vn−2. The winner

of the first slot instead requires vn−1 and vn−2. In a VCG setting communication reduces

to revealing the values of the bidders that are pivotal for the specific agent. This is indeed

a menu description, and it is much more private than the full-feedback policy, which

would require communicating all reports {v1, . . . , vn} to every agent in the auction.

6 Application: Interpreting Results of Simulations

In this section we apply our results to provide new explanations for experimental results

in two recent papers by Asker et al. (2022) and by Banchio and Skrzypacz (2022).

6.1 Bertrand Competition

We now apply our results to provide new insights about a recent paper by Asker et al.

(2022). The authors simulate algorithmic competition in a Bertrand oligopoly, and find

that collusion depends critically on what they call “synchronicity” of the algorithm. To

provide insight about their game, we study a simplified version of it with a smaller action

space.
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There are two firms, Alice Inc. and Bob Ltd., which face a common demand for their

product. Assume that the market demand is D(pA,pB) = 3 −min{pA,pB}, and if the two

firms charge the same price they split demand equally. Suppose that each firm has 0

marginal cost, and for simplicity let the firms choose only between two prices: p ∈ {0.5,2}.
Profits equal price times individual demand. This Bertrand game has only one static

Nash equilibrium: the profile {0.5,0.5}. Asker et al. (2022) consider two variations of the

Q-learning algorithm, both of which are greedy, i.e., the action taken is always the one

with the highest estimated value.

(i) Asynchronous Greedy Q-learning: the algorithm updates only the Q-value of the

action taken in each period;

(ii) Synchronous Greedy Q-learning: the algorithm updates all Q-values in each period,

with the return that it could have obtained had he played the other action instead,

but holding the opponent’s action fixed.

Using our Theorem 1, we analyze the fluid limit of this game. Figure 8 plots the dynamic

systems for both versions of the algorithms for γ = 0.14 The figures depict the vector fields

governing the dynamics of the continuous-time analogous of each Q-learning procedure,

with the value of the low price on the vertical axis and that of the high price on the

horizontal axis.

Asynchronous Learning. The fields when both firms play asynchronous Q-learning

and both choose 0.5 and 2, respectively, are:



dQ0.5
dt = α

(
5
8 + (γ − 1)Q0.5

)

dQ2
dt = 0

on ω0.5,0.5



dQ0.5
dt = 0

dQ2
dt = α

(
1 + (γ − 1)Q2

) on ω2,2

Figure 8a plots the fields within their domains. As shown in the picture, there are two

equilibrium regions. For values of Q2 ≤ Q0.5 = 5
8 the algorithms converge on the com-

petitive outcome. However, for Q0.5 ≤ Q2 = 1 the algorithms collude. Notice also that

the domains of attraction of these equilibria are unbalanced: in order to converge on

competition, Q-learning needs to be initialized with a strong bias towards competition.

Otherwise, the collusive outcome is an attractor. In particular, the optimistic initializa-

tion used in Asker et al. (2022) and common in the literature leads to collusive outcomes.

14The choice of γ = 0 reflects the specification of Asker et al. (2022). We have computed the vector fields
for other values of γ and the results do not change.
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(a) Asynchronous updating. (b) Synchronous updating.

Figure 8: The green-shaded area denotes the domain of attraction of the competitive
outcome, while the blue-shaded area is the domain of attraction of the collusive outcome.
The red dot and red lines are the equilibria of the systems.

These results are robust to an ε−greedy specification: the spontaneous coupling intro-

duced in Section 3 again sustains collusion. Because most observations of the returns

from a supra-competitive price are obtained when colluding, the estimates of returns

from charging a price of 2 are consistent with mutual collusion during a competitive

phase. The high persistence of these estimates amounts to low exploration of alternative

strategies.

Synchronous Learning. Instead, if both firms adopt Synchronous Q-learning, the sys-

tem is described by the following fields:



dQ0.5
dt = α

(
5
8 + (γ − 1)Q0.5

)

dQ2
dt = α

(
γQ0.5 −Q2

) on ω0.5,0.5



dQ0.5
dt = α

(
5
4 +γQ2 −Q0.5

)

dQ2
dt = α

(
1 + (γ − 1)Q2

) on ω2,2

There is only one equilibrium, at Q0.5 = 5
8 ,Q2 = 0. The plot of Figure 8b shows a clear

pattern: the two firms can only converge on competition. There is no sliding along

the boundary between the competitive and collusive pricing: everywhere the trajecto-

ries move from colluding to competing. When the two firms are colluding, all arrows

point upward: the algorithms correctly estimate the value of a one-shot deviation, with-
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out internalizing the effect that defecting from a collusive outcome will have on returns

in the future. The counterfactual rewards do not account for the losses that will stem

from a change in the opponents’ play after one’s deviation. Once the firms begin com-

peting it is then impossible to revert back to collusion: the counterfactual return of a

deviation is zero. Observe the contrast with the asynchronous case, where once agents

begin to compete, they almost immediately revert back to collusion. The bias present in

the asynchronous algorithm disappears in the synchronous version: actions are updated

according to counterfactual returns, therefore the value of joint collusion is short-lived

after competition begins. The result that in this game with synchronous learning the

Q-learning algorithms converge to the Nash equilibrium is predicted by our Theorem 3,

because with two price points the game has a dominant strategy.

General Bertrand. The simple model above reduces the Bertrand game to a dominant-

strategy game. It is a convenient simplification for the purposes of inspecting and plot-

ting the dynamical systems, but the theory developed in Section 4 allows us to deal with

much more general models. For more price points as in Asker et al. (2022) there is no

dominant strategy, but we can then apply Theorem 4.

Alice Inc. and Bob Ltd. have now constant marginal costs cA = cB = 2. They sell ho-

mogeneous goods and compete by setting prices. The set of feasible prices is composed of

100 equally spaced numbers between 0.01 and 10, inclusive. The set of prices is denoted

by P = {p1, . . . ,p100}. Consumers buy from the firm with the lowest price, and demand is

parametrized as

di(pi ,p−i) =



1 if pi < p−i and pi ≤ 10

1 if pi = p−i and pi ≤ 10

0 otherwise

As the authors note, there are two Nash equilibria of this game, one (E1) with pA = pB =

2.0282 and one (E2) with pA = pB = 2.1291. The multiplicity is a consequence of the

discretization of the space in equally spaced prices.

Proposition 3. In a Bertrand oligopoly, if Alice Inc. and Bob Ltd. adopt any ε-greedy separable

reinforcers with a small ε > 0 such that the relative speed of learning is the same across all

prices, they will learn to play either p1 = 2.0282 or p2 = 2.1291.

Proof. This proposition follows almost immediately from Theorem 4. The Theorem guar-

antees that two ε-greedy reinforcers will learn a pure-rationalizable strategy. Discretized

homogeneous Bertrand games have only two pure-rationalizable strategies, the two low-

est prices above marginal cost, which are also the game’s Nash Strategies.
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In particular, this result shows that the parameters of the algorithms are irrelevant for

the convergence result.

6.2 First-Price Auction

Consider now the setting of Banchio and Skrzypacz (2022). The authors simulate algo-

rithmic competition in an auction environment, and they find that revenues in First and

Second Price Auction are substantially different when Q-learning algorithms choose bids.

While the Second Price Auction appears to be competitive, the first-price auction is prone

to collusion. Additionally, they find that providing counterfactuals in the first-price auc-

tion restores competition.

First, we propose an interpretation of their findings in light of our results. Let us

consider the same model, where Alice.com and Bob.net bid in a First- (Second-) Price

Auction for display advertising. Both have value of $1 for the impression being auctioned,

and they have access to a set of 19 equally-spaced bids bi ∈ {0.05,0.1, . . . ,0.95}. Banchio

and Skrzypacz (2022) finds that, when the exploration parameter ε is held constant, the

Second Price Auction (SPA) converges on the dominant-strategy equilibrium. In the First

Price Auction (FPA) instead the bidders cycle between collusive pairs, interspersed with

short “punitive” phases.

We now use our results to shed light on these findings. To this end, consider the

following reduced model, where Alice.com and Bob.net each have access only to two bids.

The low bid is 0.1, while the high bid is denoted by x and varies in [0.1,0.55]. Under these

assumptions, both games are one-dimensional parametrizations of a Prisoner’s Dilemma,

and can therefore be mapped to the description of Proposition 6. Figures 9a and 9b show

the payoff matrix for both game formats, while Figure 9c plots the parametric region

where a collusive equilibrium exists, for both FPA and SPA.

Importantly, we observe that parameters such that a pseudo-steady-state exists for a

SPA also generate a pseudo-steady-state for the FPA. The payment rules of FPA and SPA

parametrize the Prisoner’s Dilemma differently, and in such a way that FPA facilitates

collusion through coupling.

A further result of that paper shows that by providing counterfactual information to

Alice.com and Bob.net the designer restores competition in the First Price Auction. Note

that the FPA with 19 admissible bids has two equilibria: one (E1) sees both Alice.com and

Bob.net bidding bA = bB = 0.95, and one (E2) sees them bidding bA = bB = 0.9. Again, we

can show:
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Proposition 4. In a first-price auction, if Alice.com and Bob.net adopt any ε-greedy reinforcers

with small ε > 0 and same relative speed of learning across bids, both will learn to play either

b = 0.95 or b = 0.9.

The proof is identical to that of Proposition 3 and is therefore omitted.

7 Conclusion

This paper analyzes collusion in games played by online learning algorithms. We take

a theoretical perspective and, complementing burgeoning empirical and numerical evi-

dence, we identify the drivers of collusive behaviour, first in a Prisoner’s Dilemma and

then in more general settings. We first address the issue of the analytical intractability

of strategic interaction among algorithms by showing they can be approximated with a

dynamical system. Then we apply this framework to dominant-strategy games, and we

show that (ε-)greedy algorithms can learn to collude. We identify the mechanism sus-

taining collusion, a form of spontaneous coupling: when algorithms are slow to realize

the value of the competitive action, joint collusion appears more attractive. Involuntary

coupling yields self-fulfilling biases in the estimates. We demonstrate this intuition in a

Prisoner’s Dilemma with Q-learning agents. We expect the techniques developed to ana-

lyze the simple Prisoner’s Dilemma to yield insight in games with more complex strategic

structure. In particular, we believe similar techniques can help understanding how AIs

reach tit-for-tat strategies when given monitoring technology. A testament to the power

of our method is the application of our techniques to simple auctions in the spirit of Ban-

chio and Skrzypacz (2022), where the same mechanism generates different results across

payment rules. Our derivation yields intuition that complements the empirical results.

We show that convergence on the dominant action is instead guaranteed for greedy

algorithms if learning occurs at uniform rates for all actions. The simultaneous coupling

at the heart of collusion appears when learning rates are uneven, but disappears when

they become uniform. Uniform learning rates can be a consequence of access to addi-

tional information, as we argued in Corollary 2. Algorithms that evaluate counterfactual

rewards from actions not taken learn simultaneously for all actions, and thus converge

on undominated strategies.

Following these results, we design learning-robust strategy-proof mechanisms, where

even algorithmic agents learn to play their dominant strategy. Learning-robustness is

guaranteed by a new layer in the mechanism design: ex-post feedback provision. We

show that the menu description of a mechanism is learning-robust, and it communicates
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information efficiently. We suspect that these design ideas could be successfully applied

to settings with regret-minimizing agents, as additional feedback simplifies regret eval-

uations. Finally, we validate our theoretical results by analyzing the Bertrand oligopoly

introduced in Asker et al. (2022), where our framework delivers an analysis of the driving

forces behind some of their experimental results.

We view our paper as contributing to the growing literature studying strategic in-

teraction of algorithmic agents. Algorithms shape the dimensions of rationality of these

decision makers, and allow us to carry out a disciplined analysis of equilibria and market

design for such boundedly-rational agents. There are many other dimensions of inter-

est in the study of strategic algorithmic interactions that we do not touch upon in this

paper. For example, we focused on dominant strategy games, which intrinsically make

collusion the hardest to sustain: the outcomes of games where the separation between

competition and collusion is less stark remains unclear, and worthwhile to pursue. Our

algorithms interact with the environment and adapt according to the feedback they re-

ceive, but many deployed market algorithms are instead trained offline. Our analysis

points to correlation as a key driver of collusion, thus suggesting that offline algorithms

may be less prone to collusive behavior. Another interesting aspect of algorithmic col-

lusion is whether coordination on collusive outcomes would be even easier if algorithms

were able to retain memory of recent payoff-relevant quantities. We suspect that when

algorithms are enabled to learn dynamic reward-punishment strategies their collusive

behavior will increase substantially, as highlighted in the literature.

An interesting question is what could a sophisticated player achieve when competing

against an automated decision-maker. The manipulability of these algorithms deserves

further analysis, and we believe a setting similar to the one offered in this work could

prove helpful in understanding these questions. Finally, algorithmic decision-making

can be seen as a form of bounded rationality. This implies that the set of implementable

outcomes is, in general, wider than that of rational agents. Theorem 4 suggests that

arguments similar to Abreu and Matsushima (1992) could prove useful in enlarging the

set of implementable outcomes; characterizing the set of implementable outcomes for

purely adaptive decision makers is beyond the scope of this paper, but of independent

interest.
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Appendix A

We restate Theorem 1 in its more formal version.

Theorem (1). Let (θ,π) be a collection of adaptive agents that satisfy Assumption A1 indi-

vidually, and let the domain K ⊂ R

∑
i di of θ be a compact set. Let (Hj)j∈J be the collection of

θ’s maximal Lipschitz-continuity domains, that is, let Hj be the largest open set such that θ

is Lipschitz over Hj and there is a discontinuity on H j . For all j ∈ J the collection of Cauchy

problems 

dΘi(t)
dt = αEπi ,π−i

[
T i(πi , r(πi ,π−i),Θi(t))

]

Θi(0) = yi0

has a solution Θi for all i over Hj for all y0 ∈ Hj . There exists a sequence of processes {θn}n∈N
such that:

• E

[
θ1(τ(k))

]
= E [θ(k)] for all k, τ(k) = inf

{
t | θ1(t) jumped k times

}
,

• the infinitesimal generators ATn(θ) are all identical to AT1(θ) for all θ ∈Hj and n,

• limn→∞ P
{

supt≤T
∥∥∥∥θn(t)−Θ(t)

∥∥∥∥ > η
}

= 0 for all T ≥ 0 and η > 0 such that {Θ(t)}t≤T ⊂
Hj .

Proof of Theorem 1. The existence of a solution for the Cauchy problem is guaranteed

by Assumption A1 and the restriction to the maximal continuity domains Hj . In particu-

lar, notice that one can write T i(πi(θ), r(πi(θi),π−i(θ−i),θi) as a map T̂ (θ,Y ) where Y is a

random variable representing the uncertainty introduced by the policies π.

We can divide the proof of Theorem 1 in two main steps:

1. Finding the correct continuous-time embedding of the adaptive algorithm θ;

2. Identifying a scaling that guarantees limits are well-defined.

First, let us fix a compact ball of radius r in R

∑
i di . We will consider the set E =H∩B(r)

with the Borel intersection sigma algebra. Since we can choose r to be as large as we want,

the approximation will hold for any finite values of θ. Let us add one component to the

vector θ, in position
∑
i di + 1, which will keep track of the iteration k.

As far as the first step is concerned, let us define a Poisson process N1 of rate λ1 = 1.

Consider the sequence of (stochastic) arrival times 0 < τ1 < τ2 < τ3 < . . .. We define the

process θ1(t) as

θ1(t) = θ(k) if τk+1 > t ≥ τk
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for all times t ≥ 0. The process θ1(t) is a compound Poisson process, cadlag and Markov.

Naturally, its
∑
i di + 1 component always coincides with the iteration k. At arrival times

the adaptive algorithm is equal to its continuous time equivalent θ1, which proves item

1 of the Theorem.

We now want to increase the pace of the updates while retaining the same uncertainty

in expectation. Intuitively, we can “speed up” the Poisson arrivals, but we also need to

“dampen” the jumps accordingly, otherwise the process will diverge to infinity. Formally,

we consider a sequence of Continuous-Time Markov Chains indexed by n ∈N as follows:

• The jump rate λn is defined as λn = n.

• At each jump, the update in the first
∑
i di components is15

θn(t)−θn(t−) =
1
n
T̂ (θn(t−),Y )

• At each jump, the update in the coordinate
∑
i di + 1 is

θn(t)−θn(t−) =
1
n

Intuitively, the updates of the original process θ are scaled down by a factor n and the

last coordinate keeps track of how many updates have occurred scaled by n.

Consider then the measure µn(x,dz) of updates at x, with

µn(x,dz) = P

{
θn(τn) ∈ dz|θn(0) = x

}

where τn is the first exit time of θn from x. We define the component-wise function

Fn(x)m = λn

∫
(zm − xm)µn(x,dz), (5)

which intuitively describes the expected jump of θn from x along the m-th component

over one unit of time. In fact, Fn can be rewritten as

Fn(x)m = n
∫
α
n
T̂m(x,Y )µ =

∫
αT̂m(x,Y )µ.

We chose the scaling in such a way that the function Fn is independent of n. The function

Fn is exactly the infinitesimal generator of the compound Poisson process θn(t), therefore

15Note that we omit the dependence on the iteration since iterations are now part of the process θn.
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item (2) of the Theorem is proved.

Let F(x)B limn→∞Fn(x). It is clear that F(x) = Fn(x) for all n. Moreover the function

F(x) is Lipschitz in every component. We will need a technical lemma:

Lemma 1. Let E be a compact set in R
|I |×|S|×|A|. There exists a sequence {εn}n > 0 with

limn→∞ εn = 0 such that

lim
n→∞sup

x∈E
λn

∫

|z−x|>εn
|z − x|µn(x,dz) = 0

Moreover,

sup
n

sup
x∈E

λn

∫

E
|z − x|µn(x,dz) <∞

Proof. Since E is compact T̂ (θ,Y ) must be bounded. Let M = supθ∈E T (θ,Y ) across di-

mension, and note that M < +∞. Let then {Mn }n be a sequence satisfying the assumptions

of the Lemma, and notice that
∫
|z−x|>εn |z − x|µn(x,dz) = 0 for all x and n. We thus proved

the first claim. The second claim follows a simple observation: |z − x|µn(x,dz) ≤ M
n for all

x. Since λn = n, we obtain that

sup
n

sup
x∈E

λn

∫

E
|z − x|µn(x,dz) =M <∞

which concludes the proof.

This lemma verifies one of the conditions of the following Theorem by Kurtz (1970):

Theorem 2.11. Suppose there exists E ⊂ R
k, a function F : E → R

k and a constant M such

that |F(x)−F(y)| ≤M |x − y| for all x,y ∈ E and

lim
n→∞ sup

x∈En∪E
|Fn(x)−F(x)| = 0

Let X(t,x0),0 ≤ t ≤ T ,x0 ∈ E satisfy

X(0,x0) = x0, Ẋ(t,x0) = F(X(t,x0))

Suppose additionally that the sequence Fn satisfies the conditions of Lemma 1, then for every

η > 0

lim
n→∞P

{
sup
t≤T
|Xn(t)−X(t,x0)| ≥ η

}
= 0

If X(t,x0) = Θ, we can verify that the assumptions of the Theorem hold:
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• since T̂ is Lipschitz, and Fn = F are integrals of Lipschitz functions, it is clear that

|F(x)−F(y)| ≤M |x − y| holds,

• limn supx∈H |Fn(x, t)−F(x, t)| = 0 is satisfied by definition of Fn = F,

• the conditions of Lemma 1 are verified.

Then, Theorem 2.11 implies that for every η > 0

lim
n→∞P

{
sup
t≤T
|θn(t)−Θ(t)| ≥ η

}
= 0

which proves item 3 of the Theorem and concludes the proof.

As advanced at the beginning, the process Θ is a deterministic process with all uncer-

tainty collapsed into the drift component.

Proof of Proposition 1 The existence of the equilibrium q
eq
D follows directly from setting

the field over ωD,D to zero.

We prove existence of qeqC and its related property for one agent; by symmetry, the

other agent’s Q-values enjoy the same properties. The boundary is defined as Σ = {q ∈
R

2 : c · q = 0} where c = (1,−1) and · denotes the usual dot product. Using the Filippov

convention, we can further divide Σ in three regions:

• a crossing region, Σc = {q : (c · (ACq+ bC))(c · (ADq+ bD)) > 0}

• a repulsive region, Σr = {q : c · (ACq+ bC) > 0, c · (ADq+ bD) < 0}

• a sliding region, Σs = {q : c · (ACq+ bC) < 0, c · (ADq+ bD) > 0}

where we have

AC =



α
(
1− ε

2

)
(γ − 1) 0

αγ ε2 −α ε2


 AD =



−α ε2 αγ ε2

0 α
(
1− ε

2

)
(γ − 1)


 ,

and

bC =



α
(
1− ε

2

)(
2− ε

2

)
g

α ε2
(
2 + g − g ε2

)

 bD =




α
(
1 + ε

2

)
ε
2g

α
(
1− ε

2

)(
2 + ε

2g
)

 .
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We can define the sliding solution as the field dQ
dt = Fs(Q) over the sliding region where

Fs(Q) =
c · (ADQ + bD)(ACQ + bC)− c · (ACQ + bC)(ADQ + bD)

c · (ADQ + bD)− c · (ACQ + bC)

The relative time spent on ωC,C at point Q is defined as

τC =
c · (ADQ + bD)

c · (ADQ + bD)− c · (ACQ + bC)

The sliding vector field becomes

dQj

dt
=
α
(

1
2εg(2− ε)(g − 1) + (2g + (γ − 1)Qj)(2 + (γ − 1)Qj)

)

2(1 + g + (γ − 1)Qj)

for every direction j. By setting the field equal to zero and solving for Qj , we find that

there is an equilibrium at

q
eq
C,j =

1 + g −
√

(g − 1)(g − 1− εg + ε2g
2 )

(γ − 1)

for all j. This equation has a feasible solution for all ε < 1−
√

2−g
g .

Proof of Corollary 1. The result follows immediately from the proof of Proposition 1.

In particular, it is sufficient to compute

τC =
c · (ADQ + bD)

c · (ADQ + bD)− c · (ACQ + bC)

at Q = qeqC .

Proof of Theorem 2. First off, note that there is a given ordering of rewards in a Pris-

oner’s Dilemma:

r(D,C) > r(C,C) > r(D,D) > r(C,D)

We will prove existence of an equilibrium of the following system:


θ̇C = α

[
U (θC , r(C,C)) +V (θ)

]

θ̇D = (1−α)
[
U (θD , r(D,C)) +V (θ)

]
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in the half-plane where C is the preferred action, and


θ̇C = (1−α)

[
U (θC , r(C,D)) +V (θ)

]

θ̇D = α
[
U (θD , r(D,D)) +V (θ)

]

in the half-plane where D is the preferred action. Note that we are assuming WLOG that

the learning speeds sum to 1, since all it matters is the relative speed of learning. To start,

let us assume α is identical across the half planes.

We want to show that there exist an α and a θ∗ such that:

αU (θ∗, r(C,C)) + (1−α)U (θ∗, r(C,D)) +V (θ∗) = 0

(1−α)U (θ∗, r(D,C)) +αU (θ∗, r(D,D)) +V (θ∗) = 0
(6)

Because we used the same α on both sides, we are simply looking for a translation of

Equation (6), therefore we can develop the argument disregarding the V (θ∗) component.

For a given θ, we can write this problem as a convex combination of two vectors:

αx⃗+ (1−α)y⃗ = 0⃗

where

x⃗(θ) =



U (θ,r(C,C))

U (θ,r(D,D))


 y⃗(θ) =



U (θ,r(C,D))

U (θ,r(D,C))




Let θ1 be the value of θ such that U (θ1, r(C,C)) = 0. Then, using the monotonicity of U

in rewards, the two vectors x⃗, y⃗ computed in θ1 will be positioned as in Figure 10. Let

θ2 instead be the value of θ such that U (θ2, r(C,D)) = 0. Again, the two vectors x⃗, y⃗ are

positioned as in Figure 10. Notice that by monotonicity of U in its first component, θ1 >

θ2. The same assumption guarantees that the lines y⃗(θ1 +(θ2−θ1)t) and x⃗(θ1 +(θ2−θ1)t)

lie on the left and right of the vertical axis, respectively.

Define f : [0,1]→R
2 as

f (t) =



(1− 4t)x⃗(θ1) + 4ty⃗(θ1) t ∈
[
0, 1

4

]

y⃗
(
θ1 + (θ2 −θ1)(4t − 1)

)
t ∈

[
1
4 ,

1
2

]

(3− 4t)y⃗(θ2) + (4t − 2)x⃗(θ2) t ∈
[

1
2 ,

3
4

]

x⃗
(
θ1 + 4(θ2 −θ1)(1− t)

)
t ∈

[
3
4 ,1

]
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Figure 10: Homotopy

Note that, by continuity of U , f (t) is a loop based in x(θ1). We can show that f is

null-homotopic by providing the following simple homotopy H : [0,1]× [0,1]→R
2.

H(t, s) =



(1− 4ts)x⃗(θ1) + 4tsy⃗(θ1) t ∈
[
0, 1

4

]

(1− s)x⃗
(
θ1 + s(4t − 1)(θ2 −θ1)

)
+ sy⃗

(
θ1 + s(4t − 1)(θ2 −θ1)

)
t ∈

[
1
4 ,

1
2

]

(1− s(3− 4t))x⃗
(
(1− s)θ1 + sθ2

)
+ s(3− 4t)y⃗

(
(1− s)θ1 + sθ2

)
t ∈

[
1
2 ,

3
4

]

x⃗
(
θ1 + 4s(θ2 −θ1)(1− t)

)
t ∈

[
3
4 ,1

]

We verify that H is a homotopy between f (t) and the constant path at x⃗(θ1).

• H(0, s) =H(1, s) = x⃗(θ1)

• H(t,0) = x⃗(θ1)

• H(t,1) = f (t)

Suppose now that there is no pair t, s such that H(t, s) = (0,0). Then, by continuity

it must be the case that there is an open neighborhood V ∋ (0,0) such that for all points

z ∈ V , z < Im(H). Note that we can restrict the loop f to a the domain R
2 \ V , and

because V < Im(H) we can restrict the homotopy to a homotopyH : [0,1]2→R
2 \V . Thus

we proved that a loop around the open set V is null-homotopic, which is equivalent to

proving that R2 \V is simply connected, a contradiction.
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Therefore, there exists a pair t, s such that H(t, s) = (0,0). There is a bijective trans-

formation between t, s and θ,α over their respective domains, which guarantees that the

system of Equation (6) is satisfied.

Notice that we allowed for α ∈ (0,1) so far. However, it makes little sense to allow for

α < 1
2 : the algorithm would learn about actions it considers suboptimal faster than those

he considers best. Fortunately, we observe the following:

1
2
U (θ,r(C,C)) +

1
2
U (θ,r(C,D) <

1
2
U (θ,r(D,C)) +

1
2
U (θ,r(D,D).

This inequality follows from the ordering of rewards in a Prisoner’s Dilemma game. This

in particular implies that the line 1
2 x⃗(θ1 + (θ2−θ1)t) + 1

2 y⃗(θ1 + (θ2−θ1)t) lies above the 45

degree line. Thus, we can restrict the homotopy to the parameter space α ∈ [1
2 ,1] without

affecting the result. This guarantees the existence of a parameter α > 1
2 which sets the

sliding vector field to zero.

Now, notice that in the previous construction in Equation (6) we solved for α and θ∗

such that the local time was equal on both sides of the switching boundary. We can relax

this assumption so that Equation (6) becomes


ατU (θ∗, r(C,C)) + (1−α)(1− τ)U (θ∗, r(C,D)) = 0

(1−α)τU (θ∗, r(D,C)) +α(1− τ)U (θ∗, r(D,D)) = 0.
(7)

Following the previous construction, we get

x⃗(θ) =




τU (θ,r(C,C))

(1− τ)U (θ,r(D,D))


 y⃗(θ) =



(1− τ)U (θ,r(C,D))

τU (θ,r(D,C))




The points x⃗(θi), y⃗(θi) for i = 1,2 each remain on their respective quadrants, enabling

us to construct the same, rescaled, homotopy for this case. Therefore, for each τ we can

identify a pair ατ ,θ∗(τ) such that Equation (7) is satisfied.

Not all solutions to Equation (7) are steady-states however. Recall from our construc-

tion in Section 3 that we need to verify a sliding condition: the normal components of the

two vector fields to the switching surface must have opposite sign and must be attractive.

In equations, this translates to the following system which needs to be satisfied:


(1−ατ )τU (θ∗(τ), r(D,C))−ατU (θ∗(τ), r(C,C)) ≥ 0

ατ(1− τ)U (θ∗(τ), r(D,D))− (1−ατ )(1− τ)U (θ∗(τ), r(C,D)) ≤ 0.
(8)
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We need a preparatory lemma:

Lemma 2. The only region of θ where Equation (7) can be verified is such that

U (θ,r(D,C)) > U (θ,r(C,C)) ≥ 0 > U (θ,r(D,D)) > U (θ,r(C,D))

Proof. The statement follows immediately from inspection of Figure 10. Since the path

y⃗(θ1 +(θ2−θ1)t) for all t falls within the second quadrant, any x⃗(θ∗) which satisfies Equa-

tion (7) must fall within the fourth quadrant, which directly implies the result.

Now, rearranging Equation (7) we derive the following equalities:


−(1−ατ )(1− τ)U (θ∗(τ), r(C,D)) = αττU (θ∗(τ), r(C,C))

−(1−ατ )τU (θ∗(τ), r(D,C)) = ατ(1− τ)U (θ∗(τ), r(D,D))

Substituting these in Equation (8) and rearranging, we obtain


αττU (θ∗(τ), r(C,C)) +ατ(1− τ)U (θ∗(τ), r(D,D)) ≤ 0

ατ(1− τ)U (θ∗(τ), r(D,D)) +αττU (θ∗(τ), r(C,C)) ≤ 0

Thus, only one condition needs to be satisfied to guarantee sliding:

τU (θ∗(τ), r(C,C)) + (1− τ)U (θ∗(τ), r(D,D)) ≤ 0

Lemma 2 guarantee that a solution to this inequality exists for τ sufficiently close to 0. In

particular, there exists a τ such that for all τ ≤ τ we obtain sliding. Therefore there exists

an open set of parameters {ατ | τ ≤ τ} such that a sliding steady-state exists. Now, we

can perturb the value of α on either side of the sliding boundary. The region we derived

depends continuously from α, in particular from αC and αD . Therefore, the same result

holds for small perturbations of α into different αC and αD , concluding the proof of the

Theorem.

Proof of Theorem 3. We set to prove that, in the limit, the statistic θn of the dominant

action dominates the statistic θi of any other non-dominant action. First of all, since αai

is identical across actions, the evolution in time of θ is shifted by V (θ), but V won’t affect

the relative rankings of the actions’ estimates. Therefore, we drop V in the rest of the

proof, and we focus on U .
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Regardless of the opponent’s policy, the reinforcer in every step observes a return

in hindsight for every action. We denote by rn(t) the return from playing action n in

period t, whatever the opponents’ actions are. We consider the evolution of the weights

pairwise: θn and θi for all i. By assumption, for any sequence of actions taken by the

opponent(s), rn(t) ≥ ri(t). In particular, Assumption A3 guarantees that there exists a

T > 0 such that rn(t) > ri(t) for any t > T . Thus, in the limit the derivative θ̇n strictly

dominates θ̇i in each point (x, t): U (x,rn(t)) > U (x, , ri(t)). In particular, there exists a ε

such that U (x,rn(t)) > U (x, , ri(t)) + ε.

Suppose now that for some t ≥ 0, θn(t) ≥ θi(t). We prove that it can never be the

case that θi(T ) > θn(T ) for some T > t. θn(t) is a solution to the ODE given by θ̇n(t) =

U (θn(t), rn(t)) and

U (θn(t), rn(t)) ≥U (θn(t), ri(t)) =U (θi(t), ri(t))

Thus, θ̇i(t) ≤ U (θi(t), rn(t)). The fundamental theorem of differential inequalities guar-

antees that the solution θi(T ) is bounded above by θn(T ) for all T > t on its maximal

domain.

Consider instead the case where θi(T ) > θn(T ). From the definition of Reinforcer, we

have that

U (θi(T ), ri(T )) ≤U (θi(T ), rn(T )) < U (θn(T ), rn(T ))

We want to show that there exists a t > T such that θn(t) = θi(t). To this end, suppose by

contradiction that ∀t > T , θi(t) > θn(t). Observe that the previous inequalities imply that

d
ds

∣∣∣∣∣
s=t

(θi(s)−θn(s)) < 0 ∀t > T . (9)

Then, (θi(t)−θn(t)) is a monotone decreasing function of time. Because the algorithm is

bounded, it must be the case that

lim
t→+∞(θi(t)−θn(t)) = b ≥ 0. (10)

From the definition of limit and the monotonicity of the derivative, for any ϵ there exists

a t′ > T such that, for all t > t′,

θn(t) + b ≤ θi(t) < θn(t) + b+ ϵ.

Thus, strict monotonicity of the reinforcer’s update implies that there exists a δ > 0 such
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that

U (θi(t), ri(t)) ≤U (θn(t), ri(t)) < U (θn(t), rn(t)) + δ. (11)

Note that, by Equation (10) and the monotonicity given by Equation (9), the limit of the

derivative of the difference θ −θn must converge to 0:

lim
t→+∞(θi(t)−θn(t))′ = lim

t→+∞(U (θi(t), ri(t))−U (θn(t), rn(t)))′ = 0

This is a contradiction of Equation (11). Then, there must exist a T such that θi(T ) =

θn(T ). From the first part of the proof, this implies that ∀t > T we have θi(T ) ≤ θn(T ),

and this completes the proof,

Proof of Theorem 4. The proof is largely based upon Theorem 3. We will show that

there is always a T such that the actions taken after T survive an IESDS procedure.

Let ai be a strategy for player i which is dominated by bi in the game G. With the

same argument of the proof of Theorem 3 we can show that it must be the case that,

in the limit, θb
i
> θa

i
. Equivalently, there exists a T1 such that for all t ≥ T1 we have

θb
i
(t) > θa

i
(t). Therefore, after time T1 it is as if the agents were playing in a reduced

game G1 = (N, (A1
i )i , (ui)i), where A1

i = Ai \ {ai} and A1
j = Aj for all j , i.16 We can now

apply the same idea to this new reduced game G1 and eliminate a strictly dominated

strategy in this reduced game. While IESDS eliminates strategies “in place”, the algo-

rithms abandon dominated strategies over time, reducing the effective game played. Of

course, the components of θ that correspond to dominated actions keep getting updated,

but note that if an action is dominated given a larger subset of opponent’s strategies, it is

also (weakly) dominated given a smaller subset. Therefore, following the usual differen-

tial inequality argument, the θ corresponding to a dominated action will always remain

below that of actions surviving IESDS. We then define T as the largest among the Tk that

correspond to an action being eliminated, and this concludes the proof.

Appendix B

In this Appendix we discuss the chaotic theory of the system in Section 3. Chaos theory

studies non-linear systems whose trajectories appear stochastic but are the result of de-

terministic laws of motion. The most commonly accepted definition of chaotic behavior

16Of course, Assumption A3 guarantees that even action ai will be played with some positive probability,
but the statement of Theorem 4 guarantees that the probability is small enough to not affect the order of
the expected rewards.
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is high sensitivity to small perturbations in initial conditions. We plot a sample trajectory

of the system in Figure 11. The system behaves erratically and unpredictably along its

deterministic trajectory, and it is highly sensitive to its initial condition. The “butterfly”

traced by the trajectory appears hard to characterize. However, the heatmap shows that

most of the time is spent in a region where the estimates of cooperation and defection

coincide.
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Figure 11: A chaotic trajectory of the system of Equation (4) in a 2-D representation.
On the left, we depict the motion in the difference space. Agents appear chaotically
attracted to a butterfly-like motion around the origin. The figure on the right represents
the logarithmic density of time spent in a given square cell of side 0.2. Effectively, over
90% of time is spent in the square centered on the origin.

Figure 12 shows the effect of a small initial perturbation on two trajectories of the 4-D

system along its first component.

The deterministic chaos we observe makes anly stability analysis impossible. How-

ever, as shown in Figure 11, the system spends most of its time in a region near the

double sliding boundary. That is, most of the time the system will show equal values for

cooperation and defection for both Alice and Bob. The sliding analysis we carried out in

the symmetric case is not too far off the mark in the 4-D case as well, as one can see in

Figure 7b: the gap between the predicted local time and the realized local time is due to

the asymmetry that always arises in the discrete algorithmic system.

Moreover, the double sliding plane is locally attractive. When both agents cooperate,

both are drawn towards defection, and thus towards sliding. Suppose Alice is the first

to hit the switching surface, and thus to slide. Bob’s vector fields adapt to Alice’s new,

sliding behavior, but the switching surface retains its attractivity. Bob will join Alice in
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Figure 12: The top figure depicts the evolution of (the first component of) two trajectories
with minimal perturbations of their initial conditions. The bottom figure represents the
absolute distance between these two trajectories, in logarithmic scale. After an initial
convergence, hitting the boundary leads to exponential divergence (the green line has
constant slope upwards in the logarithmic scale). Finally the trajectories saturate, i.e. the
boundedness of trajectories limits their absolute divergence.
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sliding, unless Alice will already have left the switching surface. Either Alice or Bob will

however exit from the 2-dimensional sliding plane. The coordination bias’s cycles take

place in 4 dimensions — they do not collapse on a pseudo-equilibrium.

Appendix C

In this Appendix we formalize the loose definitions given in Section 5 and we prove The-

orem 5.

First, note that we can define an equivalence relation on the outcome space, ∼i , such

that x ∼i y if and only if ui(x,λi) = ui(y,λi) for all λi ∈ Λi . Let Xi = X / ∼i be the quotient

of the outcome space with respect to this equivalence relation. We will refer to an element

of Xi , an equivalence class [x]i as an i-outcome.

Let us define formally what it means to provide ex-post feedback.

Definition 9. A feedback policy for mechanism f and agent i is a factorization of f through

a partition. It is composed of the following elements:

• A signal space S, which is a partition of Λ−i ;

• A map φi : Λ−i → S;

• A map g : Λi × S→Xi ;

such that

• The diagram commutes, i.e. [f (λi ,λ−i)]i = g(λi ,φi(λ−i)) for all λi ,λ−i ;

• The map φi is a partition map, i.e. φi(λi) ∋ λi .

We denote a feedback policy by its map φi . A collection (φi)i of feedback policies for each

agent i is a feedback structure.

Remember the loose definition of Section 5: a feedback policy for agent i is a partition

of the space of opponents’ types, Λ−i . This partition is such that agent i can evaluate

what outcome he could have enforced had he unilaterally deviated to a different report

λi . We request that a feedback policy allows agent i to compute all of his i-outcomes for

any given report.

Next, we formalize the desire for reduced communication and revelation. We define

the following partial order on feedback policies:
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Definition 10. Feedback policy φi is more private than feedback policy ψi , denoted φi ⊵

ψi , if φi(λ−i) ⊇ ψi(λ−i) for all λ−i .

Any two type profiles that are indistinguishable under a less private rule should be

indistinguishable under a more private rule. As mentioned, the privacy order is a weak

partial order: not all feedback policies are comparable. However, it turns out that un-

der the privacy order maximum and minimum are well-defined: the feedback policies

together with the privacy order form a lattice.

Proposition 5. Feedback policies together with the privacy order form a complete lattice.

Proof. We simply need to show that for any two elements φi ,ψi there exist a join φi ∨ψi
and a meet φi ∧ ψi which satisfy the feedback policy definition. The argument follows

from the lattice structure of the set of partitions with the partial order coarser-than. Note

that φ−1
i ({x : x ∈Λ−i}) defines a partition of the space Λ−i , and the same is true for the ψi .

We then require the preimage of join (φi ∨ψi) to be the finest partition which is coarser

than both the preimages of φi and ψi . Formally, let A ⊂ φ−1
i ({x : x ∈ Λ−i})∨P ψ−1

i ({x : x ∈
Λ−i}), then

(φi ∨ψi)(λ−i) = (φi ∨ψi)(λ̂−i) for all λ−i , λ̂−i ∈ A
Similarly, define the meet as the function φi ∧ψi such that it is constant over the meet

of the two partitions. Again, let B ⊂ φ−1
i ({x : x ∈Λ−i})∧P ψ−1

i ({x : x ∈Λ−i}), then

(φi ∧ψi)(λ−i) = (φi ∧ψi)(λ̂−i) for all λ−i , λ̂−i ∈ B

The completeness of the lattice structure descends directly from the completeness of the

partition lattice.

Proposition 5 implies that there exist both a minimally- and a maximally-private feed-

back policy. The minimally-private policy is the full-revelation feedback policy: it re-

veals all information, and it is clearly less private than any other feedback policy. The

maximally-private rule instead is a menu description.17

Definition 11. Let [x]i be the equivalence class of outcome x inXi . A menu for mechanism

f and agent i, given reports λ−i of the opponents, is the set

Mλ−i =
{

[f (λ̂i ,λ−i)]i | λ̂i ∈Λi

}
.

17Note that we defined the privacy lattice for feedback policies, not for feedback structures. When we
analyze feedback structures, we implicitly consider the product lattice on the product space of feedback
policies. This is correct because we assume private communication, but the analysis would likely change if
we allowed public communication.
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That is, the menu is the set of outcomes such that agent i could have received had he

reported any type in his type space.

We can show that from the collection of all possible menus {Mλ−i }λ−i we can construct

a feedback policy, and it is the maximally private feedback policy for agent i.

Lemma 3. There exists a feedback policy µi corresponding to the collection of menus {Mλ−i }λ−i ,
and µi is the maximally private feedback policy for agent i.

Proof. Consider the space Λ−i with the following equivalence relation:

λ−i ∼ λ̂−i iffMλ−i =Mλ̂−i

and denote its quotient by Λ−i/ ∼. An element of the quotient is an equivalence class of

opponents’ types, denoted by
[
λ−i

]
. Since ∼ is an equivalence relation, the quotient set

Λ−i/ ∼ is a partition of Λ−i . Let

µi : Λ−i → Λ−i/ ∼
λ−i 7→

[
λ−i

]

Let us show first that µi satisfies the definition of feedback policy. Of course, µi is a par-

tition map: an element always belongs to its equivalence class. Define g as the func-

tion g
(
λi ,

[
λ−i

])
:= [f (λi ,λ−i)]i . Commutativity then follows from the fact that for all

λ−i ∈
[
λ−i

]
the menusMλ−i coincide.

Now, we need to show that there is no feedback policy which is more private than µi .

Equivalently, we can show that there is no feedback policy φi such that φi ▷ µi . Suppose

instead such a φi exists. Then, it must be that there exists a λ−i such that φi(λ−i) ⊃ µi(λ−i).
Then there exists a λ̂−i ∈ φ(λ−i) such that λ̂−i is not in the same equivalence class of λ−i .
This implies that Mλ−i is a different menu than Mλ̂−i . Then, there exists a λi such that

[f (λi ,λ−i)]i , [f (λi , λ̂−i)]i . We have then that g(λi ,φ(λ−i)) = [f (λi ,λ−i)]i , [f (λi , λ̂−i)]i =

g(λi ,φ(λ−i), a contradiction.

We observe another interesting property of the privacy order that stems from its con-

nection with the set of partitions of the power set of Λ−i :

Corollary 3. The communication complexity of a feedback policy is monotonically decreasing

in the privacy order.

The maximally private feedback policy has the lowest communication complexity and

it maintains the highest level of privacy. Our characterization says that the most private
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mechanisms are not particularly esoteric: they provide menu descriptions, which are

well-known for their simplicity.

Appendix D

The contribution game of Section 3 can be seen as a particular one-dimensional parametriza-

tion of the Prisoner’s Dilemma. In this Appendix we extend our analysis to general sym-

metric Prisoner’s Dilemma games. We parametrize them as described in Figure 13a. We

normalize the cooperation payoff to 1 and the sucker’s payoff to 0, while we vary the

payoff to deviation x and the payoff to mutual defection y.

Alice

Bob

C D

C 1,1 0,x

D x,0 y,y

(a) Payoffs of the stage game.
1 < x < 2, 0 < y < 1.

1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

x

y
ε = 0.1
ε = 0.2
ε = 0.4
ε = 0.6

(b) Existence of cooperative pseudo-steady-state in the Pris-
oner’s Dilemma parameter space.

Figure 13

We can replicate the analysis carried out for the contribution game in this more gen-

eral setting, and we reach similar conclusions.

Proposition 6. Consider a Prisoner’s Dilemma with payoffs as in Figure 13a played by ε-

greedy Q-learning algorithms. The forward limit set of Q is a singleton for any initial condi-

tion. Suppose the following inequalities are satisfied:


1 < x < 4+2ε−ε2

2ε−ε2 − 4
√

1
2ε−ε2 ,

0 ≤ y ≤ −4
√

(ε−2)2ε2[ε2(x−2)−2ε(x−2)+4(x−1)]
(4−2ε+ε2)4 + 16−4ε3(x−1)+ε4(x−1)−8ε(x+2)+4ε2(1+2x)

(4−2ε+ε2)2

(12)
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Then, there are two regions of attractions, RC and RD . Initial conditions in either region are

attracted to two different steady states, qC and qD respectively. The steady-state qD lies in

ωD,D , while qC is a pseudo-steady-state — it lies in ωC,C ∩ωD,D .

If Equation (12) is not satisfied, all initial conditions are attracted to the steady-state qD .

The conditions for existence of a pseudo-steady-state appear complex, but the visual-

ization in Figure 13b helps disentangling the various forces at play.

The higher the exploration rate, the more extreme the parameters x,y need to be to

sustain the cooperative equilibrium. When both x and y are large the payoff from mu-

tual defection is close to mutual cooperation, and a one-period defection provides large

unilateral benefits. These are the cases providing the strongest incentives for defection,

while when both x and y are low the opposite is true. The Figure reflects these intuitions

for various levels of exploration.
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